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> Presentation Outline

« Background

* Maximum a Posterior

e Maximum Likelihood Linear Regression

* MLLR another approach

« Constrained Maximum Likelihood Linear Regression
* Maximum a Posterior Linear Regression

« Structural Maximum a Posterior

« Joint MAP and MLLR

» Appendix — Matrix Calculus
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» Adaptive Methods for Speech and
Speaker Recognition — PSTL Jean-
Claude Junqua and Roland Kuhn
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* Intra-Speaker Variability
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e Inter-Speaker Variability
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Background
* Godl

— Produce a system with Speaker-Dependent
(SD) performance given small amount of
data from new speaker.

Speaker Adaptation

Sgeaker-,lndependent Speaker-Dependent
ecognition Models /\b Recognition Models
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* Adaptation Data
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* Main Speaker Adaptation Methods
— Bayesian
— Transformation-based
— Based on Clustering and Model selection

Background



Background

« Comparison of Methods
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Background

* Direct and indirect adaptation

. Initi .
Indirect (Global) el model Direct (Local)
Adaptation Adaptation
Model Transformation ‘ Model Adaptation
(e.g. MLLR) :

Adapted models

Initial models

Joint Adaptation /



Approaches

Direct Indirect Adaptation Eigen Approach
Adaptation | (Transformation) Direct Indirec
Maximum Baum- MLLR EigenVoice | Eigen-
Likelihood (ML) Welch CMLLR MLL
Training
Maximum a MAP MAPLR-Mean Eigen-
Posterior (MAP) MAPLR-Covariance MAPL
On-Line(QB) QB QBLR
Structural SMAP SMAPLR
Hierarchy EMAPLR
Maximum MCE MCELR

Classification
Error
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*  Maximum a Posterior

« Reference:

— A Study on Speaker Adaptation of the Parameter
of Continuous Density Hidden Markov Models —
SAP91 C.-H. Lee

— Bayesian Adaptive Learning of the Parameters of
Hidden Markov Model for Speech Recognition —
TR'92 Q. Huo

— Maximum a Posteriori Estimation for Multivariate
Gaussian Mixture Observations of Markov Chains —
SAP'94 J.-L. Gauvain

— Bayesian Adaptive Learning of the Parameters of
Hidden Markov Model for Speech Recognition —
SAP'95 Q. Huo

— On Adaptive Decision Rules and Decision Parameter
Adaptation for Automatic Speech Recognition —
Proceedings of TEEE'OO C.-H. Lee
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> Maximum a Posterior
 Introduction

 MAP estimate for Multinomial
— Prior = Dirichlet
 MAP estimate for DHMM
— Prior = Dirichlet
¢« MAP estimate for SCHMM
— Prior = Dirichlet + normal-Wishart

e MAP estimate for COHMM
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Introduction

X : observation data for adaptation

A : current acoustic model

) : reestimated acoustic model
A,, =max p(X|A) — Maximum Likelihood Estimation
A

X |1)p(h) _
oy maxp(X [)p(h)

map = MAX p(A|X) = max 2

\

Maximum a Posterior Estimation

>



Introduction

To estimate the mean of a particular Gaussian :

T
Z-"lnwi + Zy(t)xt
Use MAP > ,,,» = =

7+ Z_:y(t)

i . 1s the mean of prior Gaussian.

7 1s strength of faith in prior, if it's big, movement away from prior

will be slow.
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ltinomial -
Multinom e ©®

X, X
Let w, be the probability of observing the kth discrete event 2ek

among a set of K possible outcomes {e, |k =1,---,K }and Zwk =1

Then, the probability of observing a sequence of 1.1.d discrete

observations X = (x,,---, X, ) follows a multinomial distribution

e m )y -
Pl Xy [, wi) = n!n,l---n,! lklwk n!n,!- nk!H

wheren, = Z 1(x, = e, ) 1s the number of occurrence observing
t=1

the kth event in the sequence with 1(-) is the indicator function.



Multinomial

« Many useful random variables used in speech
recognition and language processing, including N-
grams, histograms, mixture gains, and discrete
HMM probabilities, can be modeled this way.

The prior density of (w,,---, w, )can be assumed as a Dirichlet densj
which 1s a conjugate prior for the parameters of a multinomial density.
L(vy+..+ve) o
W,
I'(v)..I'(vy)
where {vk >0lk=1---,K }is the set of hyperparameters.

1

PWy ety W |V, V) = LW

K
Soap(wla”'aWK | Vlan'vK) oC H Wl:k_l
k=1



Multinomial

SO, P(Wseee, Wi [ X500y X)) H Wnk+Vk

K
= log p(W; e, Wi | X5, X)) =W + {Z(nk +v, —1) logwk} + l[ij
k=1

j=l
Differentiate w.r.t w, then \
1 n.+v, —1
W—X(nk-l—l/k—l)-I—Z:O:)Wk:— k lk App]y
k
Lagraffge
K K
LtV —1 ioN
Z Z k Z n,+v, — MultipNer
k=1 k=1 k=1
n,+v, —1
LW, kT Yk

— K
Z n,+v, —
k=1



Discrete HMM

Definition :

P(X[2)= 3 p(X.S|1)= Z{ﬂslbﬁ [T, <xt>}

S 1s a state sequence , where S = {Sl,“',ST}aIld X = {xl,---,xT}
Consider N - state DHMM with parameter vector & = (m, A, B)

where Tt =

is the initial state probability vector.

A= [al.j] where i, j =1,---, N is the transition probability matrix.
B=|p,| where j=1,---,N ,k=1,---,K with b, being the

probability of observing symbol v, in state j

The observation symbolset 1s denoted as V' = {v 15ttt Vi }
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~ Discrete HMM
Q-function :

In order to maximize log p(X |1), we only need to maximize

O(x |2)= Ellog P(X,S[1) X, 1] = ZS: P(S|X, 3)log P(X, S|

— ; :PI())({)’(S| 13) log P(X, S}.)}

_y| XS 1) log{ﬂslbﬁ(xl)f[a&lstbsxxt)}
° )

518
=2
S

log T, + ilog a, .+ ZTII;SI (xt)}
t=2

t=2




A

simple example :

p(X,s|2)

log p(X, S | 7»)

T 'b1,4 "ay 'b1,7 “dy 'b1,4

log 7, +logl;1’4 +logay, +logl;1’7 +loga,, +logh|

log 7, + logl;L4 +loga,, + logl;l,7 +loga,, +logb,

7T 'b1,4 "dy 'b1,7 "dy, 'b2,4
b

"D 4 Ay, 'b2,7 "y ’b1,4

log 7z, + logl’;l,4 +loga,, + logl;z’7 +loga,, +logh,

/T 'b1,4 "ap, 'b2,7 "y, 'b2,4

log 7z, + logl;L4 +loga,, + logl;z,7 +loga,, + loglgz’

logz, + logl;Z,4 +loga,, + logl;L7 +loga,, +logh,

log 7, + logl;“ +loga,, + 10gZ;L7 +loga,, +log

/T 'b2,4 "y 'b1,7 "dy, 'b2,4
b, ,

"y b2,7 "dy 'b1,4

log 7, + logl;z,4 +loga,, + logl;z’7 +loga,, +logh,

E SO @EHEEO)

1) 'b2,4 "dy, 'bz,7 "dy, 'b2,4

log 7, + logZ;M +loga,, + logl;2’7 +loga,, +logb

Total 8 paths




Discrete HMM

A simple example :
all =1+2+3+4+5+6+7+8(all paths)

[1+2+”3+4}10g7z1 +[5+6J;l7+8}10g722 =y, (1)-log7, +y,(1)-logz
a a
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A= :
N 1 )= P XD
“ Discrete HMM PX|2)
B P(StZZ,X‘l)

The Forward/Backward Procedure jzzlp(sf = J: X[2)

L
|_a)s0)
(1) 5.6)0) £,@.0) 5,01 150 /

State ‘4'4‘ i
<ol i ot
- P(x]2)

0‘1(2):81(&)(2):3%;02)/33(2) P(S
1 2 3 '
EAREA R

a,(i)ab,(x,,)p,.())
>, 2 (Dab;(x,.)B.u ()
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Q-functron :

O |h)=)

p(X,S %)

2. p(X,S|n)

Discrete HMM

log p(X,S | &)

Zyt(]) -I(Xt = Vk)

Z%(j)
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~ Discrete HMM
R-function :

For simplicity, prior independence of 7z, A and B is assumed.

The prior density for A is then

p(x)= p(x)- p(A)- p(B)
and their densities assume the form of Dirichlet distributions then

il [0 i fre

where 77,77, and v, > 1

Myap = max log p()" | X) — max log[p(X | ;")p(;‘)]
= max[log p(X | 1)+ log p(%)]

A

= max Q(k | k)+ log p(z)]

3 b

We define the auxiliary function R(A |&) = O(Ah | L) + log p(})
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Discrete HMM

.. R(L| L) = P(constant) +

.MZI le TLMZ
M=

I
[—y

(Pr(S1 =i X, ) +7, —l)logﬂ}

K R
Z [[ ZPI’(St =0,X, =V, |X,k)j+vik _1j10gbjk

] k:l t:xt "’Vk

-1
((ZPr(St =1,8,,, = ]| X,k)]-l-ﬂij —ljlogc_ll.]}+
| =1 =l t=1




Discrete HMM

So, we can obtain

-1
Pr(s, =i,s,,, = | X,M) |+7, —
} Pr(s =i|X.M)+7 —1 [Z (s, L= )j 7
7Z'i: N Cllj=

Z[Pr(sl =i|X,M)+7,—1] iK“ Pr(s, =1,s,,, = j| X, k)j +17, — }

l

[ ZPr(st =0,X, =V, X,k)j—l—vik -1

t:xt ~Vi

iﬁ ZPr(st =0,X, =V, lX’MJ—H/ik —1}

1 tx,~vy
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Discrete HMM

« How to choose the initial estimate
for z..,a, and bjk?

i ij

e One reasonable choice of the initial estimate is
the mode of the prior density.

MUNS, /It S W
Z (7719_1)
p=1
@=L N
Z (’7ip_1)
p=1
b](,?)— Ve =1 j=1---,Nand k=1,---,K
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Discrete HMM
« What's the mode ?
If A
= A

1s the mode of the prior density

mode

mode

= max p(M)

— So applying Lagrange Multiplier we can
easily derive above modes.
— Example :  p(m. oz <[] 7" = log p(zyoovomy) = ‘P+Z ,~Dlogk,

Olog p(7,,+,7y)
.—1 ><—+l —1 0
on =(n, (Z 7, —1)=

N

/. buti ,
iy pr

N ._1
.'.—l:Z (np—l):>7ri: d

> (7,1

p=1

p=l
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Discrete HMM

« Another reasonable choice of the initial
estimate is the mean of the prior density.

70 = N77,- i=1-,N a= N""f i,j=1--N
2.7, 2
p=l p=I
V.
bj(.,?) =— *_ j=1,---,Nandk=1,---,K
Z Vjp
p=1

* Both are some kind of summarization of the
available information about the parameters
before any data are observed.
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SCHMM

Likelihood = Semi — Continuous HMM
Prior = Dirichlet + normal — Wishart

T
Let p(X|A) = Z{nsl b, x)] ]a, ,b, (xt)} be the likelihood
S =2

K
where X = {x,,...,X, } and b.(x,) = Zwl.kN(xt lm,,r,)
k=1

A= {kl,---,kM,Ol,---,OK}where M 1s the total HMMs number
A = {72.(’") al™ wl.(km) |7, j =1,..., N(state number), k = 1,---,K}

i oY%
and 0, = {m,r,} k = 1,.., K(mixture number)

)—D/2 |r |1/2 e_%(x_mk)Trk(X_mk)
k

where N(x |m,,r, ) =27



SCHMM

The prior density for A 1s assumed to be :

g(A) = {H g(h, )}{H g(m,,r, )}

iIndep qﬁnt

where g(A, ) < K Hﬂ'i}]"l:“:ﬁ ﬁagfl}{ﬁ ﬁ wl.v,;"l}

i=1
If r, 1s a full precision matrix then g(m,,r, ) 1s assumed as a

%D Tk(mk_uk)TVk(mk_”k) _l”(ukrk)
normal — Wishart = g(m,,r ) oc|r, | * e ? e ?

a, >D—-1,7, >0,pn, 1s a vector of dimension D
and u, 1s a D x D positive defintite matrix

If r, 1s a diagonal precision matrix then g(m,,r, ) is assumed as a

T
g =112 My (g =t )’

D
product of normal — gamma = g(m,,r,) H v, 2 e * e
d=1
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SCHMM

Let X" denote the nth observation sequence of length 7"
assoclated with model m

and each model m has W observation sequences.

the MAP estimates of A can be obtained by

A,y =arg mAaXKIM[ I@If(x(m,n) |xm,®)jg(A)}

m=1 n=1
Model 1 Model 2 Model M
X(Ll) X(2,1) X(Ml)
0 0 o o o 0

x (") X @) X M)




SCHMM

Q-function :

Define a Q — function as

W,
OA|A) =YY Ellog f(X"",8,L|A)|X"", A

W,
Z Z f(s(m,n)’L(m,n) |X(m,n),A) logf(X(m,n),S(m,n),L(m,n) |A

1 gmn g mm

w, (m,n) (m,n) (m,n)
Z Z Z f(s ,L(m n;X | A) logf(X(m,n)’S(m,n)’L(m,n) |
m=1 n=1 S§™Y pm" f(X ’ | A)

Where f£(X"",8"" L™ | A)

7(mn)

(m,n)
Sl Sl llN(X |mll rll)H[ Sy IStWSt N(an |ml ’rl )]



SCHMM
Q-function :

.. Q — function can be decomposed in

ORIN=3 ¥ (WZ mmj log 7" +

m=1 i=l n=1

33D [Z S g k)jlogm2m>+

m=1l i=l k=l n=l1 t=1

N N w, —Tmm
> 5[5 T s

=l j=1

DM~ iPMs

Yy (("’”)(k)logN(x("”wmk, ))

M W, T
m=1 n=1 t=

b
I

1

where """ (i, j) = Pr(s"" =i,s"" = j| X", )
y " (@) =Pr(s"" =i | X" A )
g}mm(z,k) = Pr(s"™ = 1,1 = k| X" 1)
g (k) =Pr(l™ =k [ X", L,)

andé‘t( )(l k) 7/1( )(l) ( | k k)

ZW(M)N(XEm’n) |m,,r,)



m

M N K
DI
m=1 i=1 k=l

R(AIA)=0(A|A)+logg(A)= ) Z {KZ 7fm”)(l)j

3
I\

_|_

NE

N
I
—_
.
I
—_

D [Z Z y " (i, J))

M=
Nls

3
I

-
I
—
N
I
k.

’n 55’"%;1«)}

K M w, rmm
+ _J _J 4
k=1 m=1 n=1 t=1

SCHMM
0gg®) =3 3 (1" ~ogz” +3 3 D (o

(m) l)loga (m)

m=1 i=1 j=1

(m)
+17,; —

(m)
+ V]k

—1

K
— l)log WJ(.,L") + Z logg(m, ,r, )+ Constant
k=1

(m) _
+ 77,

=

1 |loga (’”)}
log WJ(Z’)}

’ K
) (fft(m’”)(k) log N(xgm’") |'m,,T, ))+ Zlog g(m,,1, )+ Constant

k=1



SCHMM [nitial probabilit

» Differentiating R(A|A) w.r.t 7" and
equating 1t to zero.

m=1 i= n=1
0 o N
= —(m) [Z ylm’n)(i)J + ni(m) -1 log 7?i(m) +/ Z —](m) =0
a72-1' n=1 =
Wm
1 |(& (Z %’"””(z’)} +" —1
") |+ 1|+ =0=> 7" = I
77i(m) |:(HZI: 71 ( )J n; —
Wm
N N (Z 71’”’”)(1’)) +n" -1 .
277](’”):132 =1 l :1:)—]22 |:(Z 71m )(])J+77§m) 1:|
" " - J=1 n=1
W Wm
[Z 7/1’" )(1)) + 771.(’") 1 n(m) 1+ Z 7/l(m )(1)
. f(rn) - - = n=1
/by N W, N ) N W, o
2 HZ " )(1)}”7;"1) } Z‘ 0y _N+ZI: Z, ri ()
= J= J= n=



SCHMM Transition pro
e Differentiating RA|A) w.r.t @, and
equa’rmg |TMTo zero.

OR(A|A)

T
oalm ~ L Z {HZ 2 7mn)(i,j)j+77,§m) l}loga(”’)}—o

Jj=1 n=1 t=1

o T N
(m,n) (m) (m) —m) | _
6\a(m) |:(Z D 7, ])JJ”]U —l}loga +l£21: a, J_o

n=l1 t=1 =

W, 7(m.n)
T e [z S g J>]+n;m> 1
. m,n m —(m n=1 =1
5(’”){(2 275 ', J)jm;) }z:o:a;@ ’

rimm)
v (Z Z 7", J)JH?;'") v T[/w o




SCHMM Mixture weigh

 Differentiating ra|A) w.r.t w;” and
equate |’r to zero.
aRa(%zL)ZX) a—(m) Z Z Z {I:(Zm TZ g(mn)(l k)J_"V(km) :|10gw(m)}_0

m=1 i=l1 k=1 =1 =1

=1 t=1

T P
= e KZ > G, k>j+v<;“ }bgv—v;mm(z w;mj:o

T ,
Wi |:(z Z &G, k)jJrV(m) :|+I—O:>w§§") = -

=1 t=1

Z TZ &M (i, J)j+v(’”)
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SCHMM
 Differentiating r(a|A) w.r.t @ and
equating it to zero.

M w, Tmm (mpn) | = = — —
{y 7 y (t(m,n)(k)ﬁlogN(xt |mk,rk)ﬂ_|_810gg(mk,rk)zo
n=l1

m=1

(55)

« Differentiatingra|a) w.r.t £ and
equating 1t to zero.

{7 & (5(’” )(k)c’?logN(xé”i”) |mk,rk)ﬂ+8logg(mk,rk)zo
I,

m=1 n=1 =1 8l‘k

(56)



SCHMM  Full Covarianc

e Full Covariance matrix case :

/

610 Nx(m’n) ﬁ )F 1 m.,n — — m.n -
e N, | m, k):|:__(xg ’)_mk)Trk(Xg ’)_mk)i|

o, 2
1 g L
= (- E) x (I, +1; )(Xgm’n) —m,; ) x(—1)
=T, (Xgm’n) —-m,)
'
6log g(ﬁkafk) _ 1 y |Fk |ak2_D 0 Tzk(ﬁk—llk)Tfk(ﬁk—llk)e—%”(“kfk)
aﬁk g(ﬁkafk)
1 B o —D _ltr(ukfk) —T—k(ﬁk_uk)TFk(ﬁk_uk) T, _ .
=———Xx|5 | * e”? e’ X——k(mk—uk)(l‘kJr )
g(mkark) 2

= -7, 1, (m, —p,)
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SCHMM  Full Covarianc

e Full Covariance matrix case :

1 t

1
i[Ms
%5

y <(mn)(k)rk(x(mn) mk)):| 7, (m, —p, ) =0

T( n)

)

<

\4%

T
)

y: ft(m’n)(k)kagm’n) - J y ft(m n)(k)rkmk - rm, + 7,5, 30
1

1

M W, 1"
m:; n=I t=1 m:; n= t=1
M W, T MW, T
S‘J ) é:t(m,n)(k) T M = ) y ) fz(m’n)(k)xgm’n) T T 0y
m=1 n=1 t=1 m=1 n=1 t=1

T(msn)

M W
AR DI IR}

— m=1 n= 1=

. _ 1
Som, = W e
m=

Tp T y 7 é(m’n)(k)

1 n=1 t=
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SCHMM  Full Covarianc

e Full Covariance matrix case :

(m.n) _ o=

—m,

Olog N(x;"" | m,,T,) 12 [ 1

i log|r ——(x\"™"
oF, [ glr, | ] 2( t
1
2

_ﬁk) r (X,

!

_ _ 1 .
e, [ xx [ [, ] - [(x“"") —m) E " —m,))

1 == m,n — m,n —
=[5 - <§°>—mk><x§°>—mk>7“]
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SCHMM  Full Covarianc

e Full Covariance matrix case :

!

0 log g(ﬁk , Fk ) _ | « | - |ak2_D Xe—%k(ﬁk—llk )T, (ﬁk_pk)e—%ﬁ”(ukfk)
— _ _— — k
i 8rk g(mk b rk ) (1) ) (2) (3)
o, —D-1
s IR LIE ARG
=+ (D) x(3)x(2) ><——(m —p)(m, —p,)’

LX) x(x—u,

a —D__ T 1
= kz = k(mk u,)(m, — llk) 2
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SCHMM  Full Covarianc

e Full Covariance matrix case :

123 T (e b - —mee - my ]ﬂ
D T = — T_l _

+_ 7 L (mk llk)(mk llk) 2llk:| 0

:>rk1{§1 %‘ 3 ‘fz(m’n)(k)"'ak_D}

m T(m n

=u +7, (M, —p)(m, —p)’ +7 > EM ™ —m)(x" —m,)’

m=1 n=l t=1

T(m.n)
gt(m n)(k)(x(m 1) ﬁk )(Xgm,n) —m T

\45

M
u, +7,(m, —p, )(m, — l’lk) + y
= Fk_l = 0 m=(

y é:t(m,n)(k) +a, - D

m= 1 n=1 =1

—_—
,—

t:l

n=
n)
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SCHMM  Full Covarianc

 The initial estimate can be chosen as the
mode of the prior PDF

7", a™ W same to DHMM

1 b l] b

and
m, =n,

r, = (ak - D)u,;l

 And also can be chosen as the mean of the
prior PDF

7", a™ Wi same to DHMM

1 ) l] b

and
m, =,

B 1
r, =o.u;
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SCHMM Diagonal Cov

 Diagonal Covariance matrix case :
e Then

D __Z (x(m " Ty ) 1
N(Xgm’n) |m, T, ) (H dej e

d=1
and

| — 2
—Tratiea (Mg — My )

D
g(mk ’ rk) o H _akd _1/2 2 e—ﬂkd’”kd
d=1

- 2
—a,,-1/2 Ederkd (Mg — )

D —
lOg g(ﬁk ’ Fk ) — Z lOg Vi e e—ﬂkd”kd +
d=1
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SCHMM Diagonal Cov

 Diagonal Covariance matrix case :

dlog N(x"™" |m,,T,) |
ont,, NG [m,,T,)

1/2 __Z de(xtd —mkd) (m,n) 773
I”kd X (— _) (T X 2)(x, ™ =) < (=1)

= (m,n)
= Tha (x —My,)
4
_ . 2
a log g(mk bJ rk) _ 1 v, Fakd _l/ze—szdl"kd (mkd _/de) e_ﬂkdfkd
i T o = kd
Gmkd g(Ink > Iy )
1
1 172 = Tkale (Mg =ty )’ - T
= v, 2 ~Prala Yk (7= —
= X7, e e X —2 (m,, — u,, )7, x2)
g(m,,r,)

= Tyl My — )
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SCHMM Diagonal Cov

. Diagonal Covariance matrix case :

é:(m ) (k)x(’" ) n I,




—'\\

A@‘

ce

SCHMM Diagonal Cov

 Diagonal Covariance matrix case :

dlog N(x"" |m,,T,) :
Oliq NG |m,,F,)

—1/2 1 & o )
I I kd ki
2 I I

d=1 i#d

D
_%Z (s =g ) g oy
re < (= ) (X ™" =1y
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SCHMM Diagonal Cov

 Diagonal Covariance matrix case :

Lo~ 2
Tk ead (Mg — g )

alogg(ﬁk,Fk) = 1 o —1/2 X 2 o

7 m— |I7kd|
Ol g(m,,r,)

(Olkd —1/2)x @d“’“’_w X (2) % (3)

+(1)x (3)x(2) x_%(n—% — )

~Bralia

1

=— X
g(m,,r,)

+(1)X(2)x(3)x(—%ﬂkd)

T
= (ay, —1/2) %73 _%(mkd ~ la) = B
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 Diagonal Covariance matrix case :

Diagonal Cov ce

{%VVZ s (55’""><k>>< 7 — (e - mkdf]ﬂ

t=1

— T
+(ay, —1/2)x7, _%(mkd — ) =By =0

——1

M W, rimn () .
21 >, &M (g, +Qay, —)xr,
m=1 n=1 =1
_ 2MWmT(m)() (mpn) _ — 2
=20+ T (M, — )" + 21 1 Z;, g (k) (xy " —myy)
m=l n= t=
M . T(m n) 5
. 2B+ 7 (M, — :ukd) +Z—:1 Z_: 2 égt(m n)(k)(x(m ) —my,)
Yea = m;w n[/;/m T(_m,n)
Qo —D+2 2 2 ft(m’n)(k)

m=1 n=l t=1
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SCHMM Diagonal Cov

« The initial estimate can be chosen as the
mode of the prior PDF

7™, a™ , w" same to DHMM

1 9 l] 9

and
My, = Hia
P (akd —1/ 2)
kd = 8
kd

« And also can be chosen as the mean of the
prior PDF  z,a(",w{" same to DHMM

1 5 l] 9

and
m., = My

— akd

Vea =
D

ce
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COHMM

 Continuous Density HMM case:
Then

K
b(x,) = zwikN(Xz‘ |m,,x;)
k=1
U

K
bi (Xt) — zwikN(Xt | mikﬂrik)
k=1

and

|
——(x,—m; )T I, (X, —my )

where N(x, |[m,,r,)=Q27z) """ |r, |"? e 2

U

1
—(x,—my )T ry (x,—m; )

where N(x, [m,,r,) = 27) """ | Iy 2 e’



COHMM

In Q — function

K M W, T
> Y Y Y Emlog N |, F,)
k=1 m=1 n=1 t=1

U
N K M Ww, T1mm
DY XY Y (E G log Nx ™ |,
=1

k=1 m=1 n=1 t=1



~ CDHMM

Inlogg(A) ) logg(m,,T,)
k=1

N K
Z Z logg(m,,1;)

o, —D 1
k k(mk_uk)T7k(mk_uk) _Et”(ukrk)

and g(m,,r)xr, | * e? e

U (Full covariance case)

. —D Tik (m

1
- — m;; —W; ) Yik (mzk —Nij ) 7tr(uikrik )
g(my,,r,)o|r, | > e 2 e’

D akd—1/2 _Tﬂr (m — )2
o Tkd \Mkd Hia —Brilia
and g(mk,rk)ocl Irkd 2 e e
d=1

U (Diagonal covariance case)

_ Tikd 2
Uyg =1/2 —7’?1(51 (Migg — ik )

2 ~ Pikd Tikd
g(m,,r,)oc I Irkd 2 e
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Maximum Likelihood
Linear Regression

4
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Background

MLLR

 Linear transformation of original model (SI)
to maximize likelihood of adaptation

* MLLR is multiplicative; MAP is additive

e MLLR much less conservative than MAP —a
few sec. of data may change model
dramatically.
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Reference :

— Speaker Adaptation of HMMs Using Linear
Regression — TR'94 Leggetter and
Woodland

— Maximum Likelihood Linear Regression for
Speaker Adaptation of Continuous Density
Hidden Markov Models — CSL'95 Leggetter
and Woodland

— MLLR:A Speaker Adaptation Technique for
LVCSR — Hamaker

MLLR
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MLLR

Single Gaussian Case

* The regression transform is first derived
for the single Gaussian distribution pre
state, and later extended to the general
case of Gaussian mixtures.

* So, the p.d.f for the state s is

1 ~1/2(x—p ;) C;' (x—p,)
b(X) — e M, J ",

p; 1s the mean and C; 1s the covariance matrix
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MLLR

Single Gaussian Case -

@
K, 1
If p=| : |is the mean,then we define §=| "'
Hp_
| Hp |

where w 1s the offset term for the regression

The estimate of the adapted mean i1s p = Ap+b = WE

where W = (A, b) 1s the linear transform (an D x (D + 1) matrK)
If @ =1= include an offset in the regression

If o =0 = 1gnore the offsets

] Jaxwe ol ewe)
So b].(x): D/2 172 € ? o -
(27) | C. |

J
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MLLR

Single Gaussian Case

* A more general approach is adopted in which
the same transformations matrix is used for
several distributions. €<Regression Class

« If some of the distributions are not observed
in the adaptation data, a fransformation may
still be applied.< Models would update whethe
correspond adaptation data observed or not.
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MLLR

Single Gaussian Case

* MLLR estimates the regression matrices to
maximize the likelihood of the adapted models
generation the adaptation data.< Maximize
the likelihood to obtain the regression
matrices.

 Full and Diagonal covariance cases will be
discussed.
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MLLR

Single Gaussian Case

Assume the adaptation data, X, is a series of T
observations.

X=X,X,,...,X;

Denote the current set of model parameters by A
and a re-estimated set of model parameters as A
Current extended mean - €

Re-estimated mean > N
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MLLR

Single Gaussian Case
The total likelihood Is

fX[M) =D, f(X,S])
S
f(X,S |A) 1s the likelihood of generating X

using the state sequence S given model A

The quantity /(X |A) is the objective function to
be maximized during adaptation.
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MLLR

Single Gaussian Case
We define the auxiliary function

Ok 12) =Y £(S|X, M) log[f(X,S| )]

Since only the transformations W, are re-estimated,
only the output distributions b,(x,) are affected so
the auxiliary function can be written as

O(h| L) = constant+z i f(s, = j|X,k)logl;j(xt)
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MLLR

Single Gaussian Case

Wedefine y,(1)=> f(s,=j|X,})
S

So...The Q-function can be rewritten as

T
O(L | L) = constant + Z}/j (¢)logb;(x,)
t=I1
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MLLR

Single Gaussian Case
Expanding logb;(x,) then the auxiliary function is

N T

Q(ﬂk):consmnt—%xz Z}/j(t)[Dlog(Zﬂ)+log|C | +h(x,, ]

j=1 =1

where A(x,, /) =(x,-WE ) C'(x,-WgE))

J <J J

The differential of Q(A | L) w.r.t W, is

8%%1 Dol Yy 0progem g € [ax,, )

Ky ]21 =1




MLLR

Single Gaussian Case
The differential of A(x,, j) w.r.t W]. 1S

Oh(x,, j) 0 W o A\ - W
oW ow T WE)E = WG)
J J
9, T T~x:T -1 W
== (X —E]WC/ (x, - W)
J
o T -1 w1 W WwWiCc'w
N oW, _X;TC]' X, - &JWJTCJ X, = XtTCj WS, + gfwaCf ngj]
J
B o | TWTC—I (C—T )TW TWTC_IW ]
_ﬁ._gj ;& X L X S, +6, W, C WS,
J

Ao T T T e T NG T .~ ~-T
=-Cx8; —Cx6, +CWiE,8; +C WS, 3 ¢, =6 ]
=-2C; [Xr N Wjé,]éf



—'\\

Ae_a‘

MLLR

Single Gaussian Case
Then complete the differentiation, and equating to
Zero.
0
oW,

(|1 =2 7,(0C; [x, ~We k] =0
Y06 R E = Y (00 W]
=[x i -CW [ S0k

> 7, (0x,
WA

— Zyj(t)xt :Wj(Zyj(t)jgj ﬁj :ngj
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MLLR

Tied Regression Matrices

* Regression Class Tree for MLLR

Little All phonemes
ad. gata -----

Consonants ....... VOWEIS .......
/\/\ ' owf vow /\/\

s

Voiced Unvoiced
Cons Cons (Vowel
\/ A P A classes)

Much \‘ \ (Unv. con

ad. data I: /\ b, /\ /\ clas;es)




MLLR

Tied Regression Matrices

Consider the sth regression class RC = {s,,..., s, |

If W, is shared by the states in the regression class RC*, then

R ([/r 1 . .
- Z ) {(Z Vs, (t)jcsr } [WS ]DX(DH) [gsrgsr ](D+1)x(D+l)}
L DxD
R L R T
[Z]DX(D+1) = |:ZV(F)WSD(F)} where Z = Z {Csj(z Vs (t)xzj‘%f}
Dx(D+1) Dx(Dk1)

r=1 t=1

T
Vsl (B rofe] kgl
DxD
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Tied Regression Matrices

If right hand side 1s denoted by the D x (D + 1) matrix Y
[Z]D x(D+1) — [Y]D x(D+1) — [Z] [Y]y

where Y = {Z [V(r) ]DXD [Ws Dx(D+1) [D(r) ](D+1)><(D+1):|
r=1

vow, |, =i Vol W] DX(D+1)
i ZZ; fvow, ], [p], = ZR; ZZ; {i [V(r)lp[ws]pq}[])m }

D D+l

p=1  q=1

w13 Ll |
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Tied Regression Matrices

If the covariance matrix is diagonal = V" is diagonal

and D" is symmetric

-

R

S ol =12 VOLOL is

D+1

S WS Ll |-S e
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‘ MLLR

Tied Regression Matrices

Then we can obtain a row i of [WS ] by solving below linear equations

[G]Yl) [Ws ]i,l +|G]! [W ] + 1D+1 [W ]l D+l [Z],1 <~ /1

G [W.], +[GL “) (W], + -+ [GL W z], </

] ,D+1

\[G]g)“J[WS ]z',l +1G D+1 2[W ] +[ D+1 D+1 [W ]z D+l ]z z;:lj:D 1
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MLLR

Tied Regression Matrices

If the covariance matrix 1s still full,

we could obtain [W ]by solving below linear equations

(11)[W] SBH[W ]DD+1: Z]l,l —i=lj=1
(12)[W] gf))ﬂ[w ]DD+1: Z]l,z «—i=1j=2

[ (D o [W ] [G E)DDDJI) [W ]D ,D+1 = Z]D,D+1 ci=DbJj= :
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MLLR

Mixture Gaussian Case
* Then the p.d.f for the state jwould be

K
1

b.(x) = w.
! k=1 " (277)D/2 |Cjk |1/2

u , 1s the mean and C , 1s the covariance matrix

—1/2(x—p ;) Ch (x—p )

and w . 1s the mixture weight

* Then likelihood
fX[M=2 2 fX,SL|W

where S 1s one possible state sequence

and L 1s one possible mixture sequence
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MLLR

Mixture Gaussian Case
 Then Q-function will be

O M=), 2 f(S,L[X,h)log f(X,S,L|})

Only consider the term which dependent on the regression transfo
—_ T —_
SO =D D Y (s, = j =k X, M) logh, (X,)
S L t=1
T —_
= Zij(t)logbjk(Xt)
t=1
where y, (=Y 3 £(s, = jul, =k |X.})

+ The derivation is the same as single Gaussian
case, justr;(t) substitute for(®)
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MLLR

Least Squares Regression

e If all the covariance of the distributions
tied to the same transformation are the
same< a special case of MLLR

e Then

T R P e
D27, (DCIxE =D D v, (HCWE
=1 r=1 =1 r=1

can be rewrittenas T R
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MLLR

Least Squares Regression

« If each frame is assigned to exactly one
distribution ( Viterbi alignment )
’ {1 if x, is assigned to state distribution s,
Vs 1) =

0 otherwise

T T
° Thenz 5RC(”),StXt§S7; - Z 5RC(H),StWS§St§Z:
=1 =1

1 s, eRC™

(n) .
RE™s 10 otherwise

where o = {

T

T X/ T
— Z thstéRC(”),st — WS &S gsté‘Rc(”)’St

~
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MLLR

Least Squares Regression

Define matrices X, Y as

X — =§S19§S29...9§ST:|
Y =[x,0 ,X,0

1T RCM s

then W XX" = YX'
W, =YX’ (XX’ )"

RC(”),S2 ?

..9XT

o

RC™ s,
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MLLR

Single Variable Linear Regression

« If the scaling portion of the regression
matrix is assumed to be diagonal, the
computation can be vastly reduced.

It means that i, = x + yu, ] _

Wi

Wi W, o -- 0 :
= Wi 0 Wys = 0 _ Wpi

SWo = . . . . => W, =

[} L) . 3 3 Wl,z

w 0 0O - w :

| D,l D,D+1 —DX(D+1)
W
| D.D+L 2 pyxi
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MLLR

Single Variable Linear Regression
And define an D x 2D matrix D

w 0 - 0 0 4 0 -~ 0 0
0 w - 0 0 0 x4 -« 0 0
S I S S
® 0 0 0 7

i 0w 0 0 - 0 u

h(Xt,S) — (Xt o ngs)Tcgl(Xt - ngs)
— (Xt - DsWs)TCs_l (Xt - DSWS)



MLLR

Single Variable Linear Regression

M) O (x,-DW)C(x,~D,W,)
OW OW
o

T -1 T ~-1 —_— —T T ~-1 —T T —~-1 —_—
8W [Xt Cs Xt o Xt CS DSWS o WS DS CS Xt o Ws DS CS DSWS]

—0-[x'c;/'p,[ -D'C'x, - (Df c'p,+[pIc'p, | )W
= 2D’C'(x,-D W)
T
%Q(K M=) 7(OD{C'(x,~D,W,)=0
W t=1

S

T T
=D, CS{Z n(t)xt}{z n@)}Df C,Dw,
=1 t=1

W, =Hi n(ﬂ}Df CSIDS} {Df Cs{i n(t)xtﬂ

=1
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MLLR

Single Variable Linear Regression

The extension to the tied regression matrix case :

2 7, (ODCx, =), ), ¥, (HD,C/D W,
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MLLR

Defining Regression Classes
» Two approaches were considered:

— 1.based on broad phonetic classes.
* Models which represent the same broad phonetic
class were placed in the same regression class.
— 2.based on clustering of mixture components.

» The mixture components were compared using a
likelihood measure and similar components placed
in the same regression class.

* The data driven approach was found to be more
appropriate for defining large numbers of classes!
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Reference :

MLLR  Variance Adapt

— Variance Compensation Within the MLLR
Framework for Robust Speech Recognition
and Speaker Adaptation —ICSLP'96 Gales

— Mean and variance adaptation within the
MLLR framework — CSL'96 Gales and
Woodland

— MLLR:A Speaker Adaptation Technique for
LVCSR — Hamaker
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MLLR  Variance Adapt

Single Gaussian Case

* We apply Cholesky Decomposition to the
inverse of covariance matrix:

C.'=L_L' where L, is a lower triangular matrix
. C =L"L] b
» We can observe that [c/'] = [L],[L,],
. . d=l1 . .
 Now the inverse of covariance matrix is

updated by
C.'=L H_'L' where H_ is the linear transformation
* S0

C,=L'HL
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MLLR Variance Adapt

Single Gaussian Case
e What does the transformation mean ?

_ omgm : [C;l],.j = i [Ls]id[LS]jd

- D D
—New [Cs_l]l.j ZdZ_; kz_; [Ls]ik[Ls]jd[H;I]kd
T d-th column
LT
I-th row S k-th{ row
L. H'
J-th coluB\




MLLR  Variance Adapt

Single Gaussian Case
The auxiliary can be obtained

transition probability

Ok | 1) /

N T - -
— constant-—x Y Yy (t)|Dlog27) +log| C, | +(x, —n,) C,'(x, — )]

2 j=l t=l
1 SIS [ 1 1 T L NT T (v _ ]
= 2><Z: Z}/J(t)D og(27)+log|L; HL |+(x, —p;) L H L. (x,—p,)
j=1 t=l
_ 1 N [ loo(2 1 [ T —1] T -l 7 T ]
=% X7,0[plogm) +log| LT |- |H, |-|L} |+ (Lx, - L) B} (Lx, - L)
t=l1
VLI LG E L LG H =L H E[C - H

T
Y y.()|Dlog(2) +log |C, | +log | H, | +(L'x, - L'p ) H;'(L'x, - L'y )



%LLR Variance Adapt

Single Gaussian C

 Differentiate Q-function w.r.t H, and set i

to zero then...

N T o _
== X 7 0log [ H, [+(L)x, - L) B, (Lx, - )]=0

Jj ]=1 t=1

1 — =7 T T T NTyyT
7j(t)[Hj|><Hj><Hj (L x, —Lp (L x,-Lp,) H,

M~

t=1

M~

y;(t)xH Z y;(OH;" (L'x, —L'p )(L'x, -L'p ) H

t=1

Ms

y ()xH] = Z y (DL x, —Lip (L x, —Lip )"

~
Il
—

> 7, 0Ux, L YUk, g )’

Z y (1)

=

;=

=0
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MLLR  Variance Adapt

Single Gaussian Case
T
. tZ_l: 7/j(t)(L];'Xt _LTjuj)(LTsz _LTJ-H,-)T
j o - T
> v
t=1
. T
Lj|:z 7/j(t)(xt _uj)(xr _HJ)T}LJ-
t=1
= T
> vt
t=1

We can observe that ﬁJT 1S symmetric.

~H,=H]

J J

|
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MLLR  Variance Adapt

Tied Regression Matrices Case

If H_ 1sshared by R states {s,,---,s,} then
3 T _ T
Z {Lsr |:Z }/sr (t)(xt _ "lsr )(Xt o usr ) :|Lsr }
ﬁ _ r=1 t=1
e

N
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> MLLR another approach

e Reference:

— Speaker Adaptation Using Constrained
Estimation of Gaussian Mixtures — SAP'95
Vassilios V. Digalakis



‘iew

 This approach is an extension of model
space MLLR where the covariances of
the Gaussian components are
constrained to share the same
transforms as the means.

« The transformed means and variances
and are given as a function of the
transform parameters:

n=Aun+b
X =AXA’

Introduction
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Single Gaussian Case

« Assume the adaptation data, X, is a series of

observations.
X =X,X;,., X7
* For each state s
» Denote the initial model by A" = (n”, 2?)

S

 Current set of model parameters by applying
the transformation

A =(Ap” +b A XVAT
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Single Gaussian Case

» Re-estimated set of model parameters by
applying the transformation A,

L =(Ap"” +b A XVAN)
* We denote the parameter set
A = {lul(o)’lu;m’,,,,ﬂ£)9250)92(20),_,,,zggs)}
= {AlaAza'”aANS9b19b29°”>bNS}

N 1s the total state number

A)
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Single Gaussian Case

Nyp = arg max p(M| A, X) =arg max p(X|n,A)g(n)

where p(X[1n,A) =) p(X,S|n,A)
S

and p(X,S | n, A)is the likelihood of generating X
using the state sequence S given model A

and transformation n



}QQQ‘
‘ Single Gaussian Case

« We define the auxiliary function
om|m) =Y p(S|X,n,A)log[p(X,S|M,A)]

 Since only the transformations A ,b_ are
re-estimated, only the output distribdtions
are affected so the auxiliary function can
be written as

Q(KA):constant+{z i yj(t)loglgj(xt)}

where 7, (1) = p(s, = j | X, A)



‘ Single Gaussian Case
* Where

1 T= _
_E(Xt_uj)T (x,—n;)

D 1
Z;j(xt) = (27[)_5‘21.‘_56

= D 1, <= 1 _ re- _
logh, (x,) == —-log(27) = —loglE | -~ (x, - ,) T (x, ~ K,

= _%[D log(27z)+ log‘fj‘ + (X, _EJ)TE]_'I (X, _ﬁj)]
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Single Gaussian Case

 Expanding logb (x,) then the auxiliary
function is

_ ] o |
O | W) = constant —— x 3. v .()|Dlog(27) +log | A EVAT | +h(x,, )]

j=1  t=1

: e - -1 - =
where h(X,, j) = (X, — Aju(jo) — bj)T(Ang.O)AJT.) (x, — Aju(jo) —-b,)

Assume that [25.0) ]pq is the pth row and gth column element of matrix ].O)

and [A 5.0)] is the pth row and gth column element of matrix A"
Pq J



Single Gaussian Case

Vg}_Q(ﬁ m=0

(0)
AJuJ -b)|#F0

t

T
=V, Y7, 0llog| K, EVRT +(x, - Ap ~b ) (&,2VAT) (x
=1

log|A ZVAT
— ] —
+(x, b ) AT[ZO"A} (x, - b))
T
—_ —_ _1__
=V, 27,0 ~A ) AT[EOTA T (x, ~b,) [=0
t=1
—(x,=b ) A [ZO A A n?)

@A) AT [EO AT A )



[ A vORT
log| A XA |
+ (X, —b.)TX

T
= Vi 27,0 (A7) A
t=1

:Zyj(t)

JorTwre

-(x,—-b, )TA

+ (Aju(o))

TEOT'A(x, -b)

=& (x, b))

[2(0)] (A,H(O))
[2(0)] A (AJH(O))

T A -T
—b,) A, ]

T A -T
t _bj) Aj ]

Single Gaussian Case

— —1 i re - -
JT O] L [2OT R (x, —b )(x, b ) AT
T
=0T




D 7@

T WO (x, ~b,) AT

J

— T 1 —_—
+[A7 2] p(.o)(xt—bj)TAjT]

J J

multiply XJT. in the right and in the left side

D 7@

2Xj

1 T _
(=0T 20T K, —b)x, — b))
[EOT O x, -b )

J

5 (0) T, (0) T
+HEOT O, -b)

J

7l -1 -7 \—_ —
; .Z(J'O)] +[Z§'O)] )Kjl(xr —b;)(x, _bj)TAjT]
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Single Gaussian Case

[ZSO) ]_1 is symmetric

T [ _ _1__ _1
> 7, (0pAT 20 T'A (x, ~b )k, ~b )7+ 220 s, b7 o
t=1

T - o |
Z—llyf(t) AJT - [25'0)] Ajl(xt —b,)(x, _bj)T T [2‘5'0)] Hﬁo)(xz _bj)T]: 0

 Since covariance is diagonal, means that
there is no correlation between dimensions.
Hence, the transformation is assumed to be
diagonal.
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‘\ Single Gaussian Case (ML)

N | » T ’
ATAT —Zyj(t)[zg(’)] (x, —b )(x, =b )’ +AJT.ZI:)/j(t)[Z§.O)] n®(x, =b )" =0
t= =

Let i y D= (x, -b,)(x,~b,) =D

S ) 1 (0) T
Z;fj(t)[)lj }“j (X, =b,) =Z
t=1

AT +A7Z-D=0
Xj =diag[a1(j),---,a,()j)]

. (,-))2 DA 70 _
..(ap +z,) a, dpp =0
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e Reference:

— Constrained Maximum Likelihood Linear
Regression for Speaker Adaptation —
ICSLP’0O0 Mohamed Afify and Olivier
Siohan

CMLLR




CMLLR
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« Reference:

— Hidden Markov Model Adaptation Using
Maximum a Posteriori Linear Regression —
In Workshop on Robust Methods for
Speech Recognition in Adverse

Conditions '99

— Maximum a Posteriori Linear Regression for
Hidden Markov Model Adaptation —
EuroSpeech’99 C. Chesta

— Maximum a Posterior Linear Regression
with Elliptically Symmetric Matrix Variate
Priors — EuroSpeech’99 W. Chou

MAPLR
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! MAPLR

» Tt is necessary to introduce some
constraints on the possible values of
the transformation parameters to
avoid getting unreasonable estimates.

* A bayesian counterpart of the well
known MLLR adaptation is formulated
based on MAP estimation.



! MAPLR

e Let A be a set of SI hidden Markov model

« Some transformations F,() applied to
various clusters of HMM parameters.

* Denote X be some adaptation data.

e Then
N,p = arg max p(M|X,A) < arg max p(X|n,A)p(n)

* Rather than carrying out the estimation
using ML, we derive an estimate of n=(A,b)
using MAP.
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! MAPLR

« Inagiven state J , the pdf of an
observation vector X is modeled by a
mixture of K Gaussian distributions :

K
p(x|s=j)=Yw Nxp, R,
k=1

where N(xIp,.R,,) is a Normal
distribution of mean 1,, and precision
matrix R,

1
—~ |
N(X | uj,kaRj,k)OC| Rj,k |2 CXP{—EW((X—llj,k)(X—llj,k)TRj,k
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MAPLR

* A mean vector p,, eR” is adapted using an
affine transformation n={A,b}

ﬁj,k — W‘%j,k
* Where W=(A,b) and&,, =(Lp,,)
e So the Gaussian distribution ..
N(x,|A.b_n,, R, o

2
e Clusters of mean vectors are also defined
so that all mean vectors from the same
cluster ¢ share the same transformation W,

1
> 1
|Rstlt |2 eXp|:__tr((Xt o Acustlt - bc)(xt - Acustlt - bc)TRS
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! MAPLR

* How to select the prior density p(W) ?

— Unlike MAP estimation of HMM parameters,
no obvious conjugate prior densities would b
found in our case.

— If the prior of matrix is chosen as the
product of a Normal-Wishart density, no
closed-form solution could be obtained for
the square transformation matrix.
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MAPLR

* Let X={x,} be an adaptation
utterance used to derive W

« Define an auxiliary function

\

X?A7nc)10gp(

Hidden data

X,S, L

\

A, ﬂc)} +log p(m,)

Complete data

where S = {s,} state sequence

L = {/ } mixture sequence



MAPLR

oM, In.)
T
— Z Zp(S,L | X,A,nC)Z[log a, . +logw,, +logp(x,|M,n, R,
S L =1
+log p(M.)
7 N K B B
— y y J?/t(]ﬁk)logp(xt |nc?ust,lt7Rst,lt) +10gp(nc)+\lj
| =l =l k=l
(7T N K 1 L L .
= Z Z Z 7/t(.]9k)|:_§tr( Xt_Acustlt _bc)(xt_Acustlt _bc) Rstlt)
=1 j=1 k=l

+log p(m,) + ¥’
where y,(j,k)=P(s, = j,I, =k | X,A,n,)
Y : all terms independent of M,
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! MAPLR

e« We assume that »(W.)=p(A,..b,)=p(A,)p(b,)

e S0 we can maximize the
transformation and bias individually.

« we will differentiate the auxiliary
function w.r.t the bias firstly.

» Assuming the distribution of the bias
is modeled by a Gaussian distribution

with mean B and covariance matrix =

p(6) <=, exp - b, ~Bb. - p)'=.)




MAPLR
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MAPLR

* A closed form solution can be easily

obtained.
Z i i m(j,k)R,-,k(xt—Acu,-,k—bc)}—axbc—Bc)=0
i ,ﬁ:‘ ki (%(j,k)Rj,k(xt—Acuj,k)—m(j,k)Rj,kbc)}ECl} -2 b
Z Z > m(j,kmj,k(xt—Am,,»}acﬁc {Z > > 50 k)R,kb} +E.b,

Mﬂ
.MZ

I
—_

> > m(j,km,-,k}ac}ﬂi

et

K —_—
> v (OR (X, —Ap,, )j +E,

k=1

Il
—
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MAPLR

Second, we'll differentiate the auxiliary
function w.r.t the transformation

But how to choose the prior distribution for
the transformation A ?

Unlike MAP estimation of HMM parameters,
no obvious conjugate prior densities could be

found.

If we assume that the transformation is
modeled by Normal-Wishart density, we would
get a equation with no closed-form solution.

The derivation will be shown in the following :
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MAPLR

a—p-l —ltr(‘r A )

o Prior: p(A) A | 2 e?
« Differentiating w.r.t A and equate

to zero

o  — _
= OA_,b, |A.,b )=
ACQ( C C| C )

T
=1

i

N K . B 1 _ _
. y: y: 7/t(]:k)x _2X(2XRj,k(Xr_Acuj,k_bc)x(_l)quT',k):|}
il

j=1 1 L

G
— — ——tr(‘rcAc)
2 x|A,_|xA xe?

where y,(j, k) = Pr(St = J,1, =k|X,Aa‘lc)



— N N EK ; N T T O!—p—l —_7 1 T
Z Z yl(]ﬂk)X[Rj,k(XZ_bc)uj,k_Rj,kAcl‘lj’kuj’k:l_i_ XAC ——Tc =
k=

=1 j=l k=l 2 2
L A . — a-p—1 —_

— Z Z Z yt(],k)Rj’kAcuj,ku]T.’k — 5 XACT
=1 j=l k=l

k=
T N K . . ; 1 ;
=2 2 2 7GR (x, =R, =7

where y,(j,k) = PI‘(St = J,, :k|X,A,nc)

....No Closed - form solution can be obtained
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MAPLR

 Chou suggests to select p(W) from a
family of elliptically symmetric
distributions.

» Here, a special case of elliptical
distribution can be seen as a matrix
version of a multivariate normal
distribution.

L —(p+]) -D 1 L L
p(W)o|X| 2 |D]°> epr;——tr((W—M)TZ}I(W—M)(I)1
where W,M e R”(7*
YeR™ >0 ® e RYPD @>0
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! MAPLR

* So, we can maximize the Q-function w.r!
transformation A and bias b B
simultaneously. (i.e. with respect to W)

* The Q-function can be rewrite as

S PIDID AT EE VIR TR N W

k=1
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MAPLR

« Differentiating Q-function w.r.t W, and set i
To zero.

0 _
__ =
oW oM, |n.)

0
- OW,

<

s

> > 7.k

t=1

——tr(W M) £ (W, -M_)0.')

j=l k=1

I:_ % tr((xt B Wc&j,k )(Xt B Wc’%j,k )T Rj,k ):|:|

> =

* In the following we drop subscript c. It should
be clear that the summation should be
performed only on acoustic units belonging to
the cluster ¢
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ﬁQ(ﬁc n.)

:{y y y 7/t(],k)[—;><2><R x(xt—Wﬁj,k)X(—l)Xgikﬂ

t=1 j=1 k=l

X[ZTW-Mo T+ (W-M)®']=

=

'S G RR, L (x, - WE,E ]

1 1

\4’ﬂ N | —

—

K
k:

~

Il
.

UK

——[ETW-Mo T+ (W-M)®"] 2Ll

SN . T 1 -T -T 1 -1 -1 /
> 7GR X &, + - ETMOT + 2 M [H],.4..,
k=

= 2
=y =1 k=l
T N K - 1 _ T /
=2 2 2 U R WE L8+ XWX W

t=1 j=1 k=l

U
\4’ﬂ [\.)|b—*

N
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, N D P 12, b4
= y: y 7 7/z(jak)[z ’”n(] ) ()5(1 )j "‘2{2 (Ud,nmd,l¢m,l T0,,M;, l,m)

d=1 [=1

D D+l N K T t L o 1
:Z y y [y yt(]’k)x()j (/> )5(1 ) +2[ad)nmd’l¢m,l —I—O'n)dmd,l@,m]

%K_J

T N K D D+l o o ik 12, b4 B B
z Z Z 7/z(j»k)(z (] )Wdlg(] )95(] )) +5{Z Z (Gd,nwd,l¢m,l+0n,dwd,l¢ }

d=1 [I=1
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MAPLR

* The matrix W can be obtained by
solving the system of pxm+1 linear
equations:

Zg“”””)wdl = ]m n=1---D m=1,---,D+1

(L) =
81 Wy = [Z

d,l

ggzD DWd N [Z]I,D+1

d,l

(D,1)—
841 Wdl_
dl

(D,D+1)—
8a1 Wui = [Z]D,D+1
.
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MAPLR

« If we assume that R, and X are
2] diagonal then

[

_
D+1
= Z Wi
g

K T 1

. Lk ke
Z (Z 7/t (]9 k)x;(at) jrn(jq )é:n(qj ):| + 5 [Gn,nmn,l¢m,l + O-n,nmn,l¢l,
k= t=1

1

>

K
j k=

> (Z m,mj Ref f“:;f””}%[an,mm,l £,
. \
» So the matrix W can be obtained by ¢
solving D system D +1 linear equations.
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MAPLR

D+1

Z Wn,,gl(”’m) = [Z]nm m=1,---,D+1 for each nth system
/=1

e Whenn=3

( — (3D — (3.1 _
W38 T Wi pa8pa T [Z]3,1

— (3,D+1) , | = (3,D+1) _[ ]
Wipu&pi Tt Wipu8pl =Lk pa
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MAPLR

« Hyper-parameter Estimation :
— Basic principle :
* First generate a set of N transformation
matrices.
« Then use N'matrices to derive an estimate of
the hyper-parameters.
— Another way:

 Select a set of training data for NVdifferent
speakers and estimate the regression matrices
for each speaker using a MLLR approach.

* Drawback: Some data is required to derive the
hyper-parameter.
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MAPLR

» Hyper-parameter Estimation :

— Another attractive technique:

e Collect the mean vectors from the SI models
associated to a given regression class.

* Assign the mean vectors into Nsubsets S, i=1,---,

* For each subset S, , the subset can be further
partitioned into 2 subsets L, and R,

 Each mean vectors from L,can be projected
onto each mean vectors from R, by applying the
transformation.

» L,can be easily estimated using MLLR by
assuming that R;is a set of data vectors and
corresponds to the models.



Subtree for
cluster ¢

- HEWTERFAEFERBREE A EETERW T

--------------------------

Leal nodes /< )\ )\

Meal W1y Ha Ha W1 _, Ha Hi (W1 _, U

Fig. 5. Estimation of the prior densities from the tree of SI Gaussian distri-
butions. I sets My, M are defined for each tree associated to a cluster
c. The mean vectors gt ; associated to each set M; are clustered into two subsets
L;and R ;. A projection matrix W is derive using £ ; as data and R; as model.
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MAPLR

* Hyper-parameter Estimation :

— Once these N transformation matric¥¥
have been obtained, we can use a maximum
likelihood approach to derive thdl, X and @

N
Y = %Z(Wl. ~-M)® (W, - M)’
i=1

® can be chosen as the 1dentity matrix

T



.

MAPLR Variance
Adaptation

4

~——__



Ae_a‘

* Maximum a Posterior Linear
Regression (MAPLR) Variance
Adaptation for Continuous Density
HMMs — EuroSpeech’03 Wu Chou and
Xiaodong He

Reference



MAPLR Variance
Adaptation

1 1

B =X2X2 (Choleskifactorization)

o B k
ML criterion > H_ = arg m&x{l?[ pO. |4 )}

MAP criterion > H_ = arg mﬁn{n p(O" |4 )} p(H)
k

Here, H_ 1s assumed to be diagonal
H, =diaglh’,, 12| leth=|n?,-- 12}

1 _
_E(h_llh )T Zhl (h—py)

p(h) = (27) 22, 2e
, =, (D, p (D] L E, =e, (1), -, 6,(D)]



MAPLR Variance
Adaptation

:'E.'?‘

O(M | M)
— —% Z]/t (n,m)[log‘im‘ + (Ot - llm)Ti;ql (Ot —n, )]

+ log p(h)

)
= —% > i yt(n,r;fz){log(cffnd))2 + 1og(h(“’))2 + w(of‘” - ﬂ,(nd))z}

2
tnm d=l (O-;(nd))

_l 2 B (h(d) _/Uh(d))z
5 log2ro, (d) 20°(d)
00(M | M)

pvRED =(0 foreachd

Set

1 o/ —u\y? 3 1
> ”(”’m){zxiif_d))“_z)x( (<d>ﬂ)’§’ " (o) } X 2% (W g, (d)YE O
t,n,m O'm

o, (d)




MAPLR Variance
Adaptation

f‘e.a‘

oy (

_Z _ 1 (0, = ") ((d))-3 1 ) _ _
2 nm) 2x 5+ (-2) ((@) sy <X = (@) =0

o) (o) O =i | nY )
7%”“M“HU_WO Uﬂz} oi(d) oi(d)

0y, @ = | ) (@) gy
t;q ;/t(n,m) _(h( )) ( (d)) :| Gh(d) Gh(d)( ( )) -

_ 1 d 1, (d) () J (0! (d) _ ))
@ (Y + Gh(d)( h) _Z,;a v, (nm)(n @) + Z y,(n,m) o (d)) =0

m
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e Structural MAP Speaker Adaptation Using
Hierarchical Priors — ASRU'97 Koichi
Shinoda and Chin-Hui Lee

» Unsupervised Adaptation Using Structural
Bayes Approach — ICASSP’98 Koichi
Shinoda and Chin-Hui Lee

* A Structural Bayes Approach to Speaker
Adaptation — SAP’01 Koichi Shinoda and
Chin-Hui Lee

Reference
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Tree Structure

» Distance measure between two gaussian
components:

d(m,n) = gm(x)log‘z’:((;c)) dr+ | g,(x)log ;((’;)) dx

B EACRCAURI CAORY A O) R AGRLA VR TAGRYHO))

o> (i) c, (1)

— The sum of the Kullback-Leibler divergence
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« Approximate single gaussian for each node k

Tree Structure

ukm——ZE[ “‘)(z)]— WG

kml kml

ak<z>——ZlE[ © (@)~ 11, () ]

- Z( “i)f +Z(ﬂ,§f)(l)) M, 1 (i)

where M . 18 the mixture number in node k&
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e How to build a tree structure

— The structure of the tree structure is
designed; the number of layers and the
number of branches from a node in each
layer are determined.

Tree Structure

— Set the root node to be node k and the
set G to be set G, . Calculate the node
pdf for the root node.
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Tree Structure

e How to build a tree structure

— If node k has no child nodes, stop
clustering. Otherwise, give the initial pdf
for each child node using the minimax
method that is described as follows.

2" (") is the node pdf for node k

P, 1s the number of child nodes of node £

g is the node pdf for childnodec, , p = 1...P,
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Tree Structure

e Minimax method :
— First :
Choose among the set G, = the mixture component m
that has the largest distance to g™ (-) and set it as node
pdf for child c,,i.e., g’ ()= g. ()

— Second:
Choose mixture components for ¢, successively

from p = 2 to p = P, and set those to the node pdfs

for child nodes as follows::

m = arg max min d(m, Cl-) g(c”)() = 8 ()

m 1<i<p-1
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Tree Structure

* Minimax method :
— Third:
The node pdf for each child node ¢, and the node pdf
for k 1s interpolated and resulting pdf are set to be the

node pdt for ¢, as follows:
pe (D) =A—a)u (D) + o,
o2 (i) = (1 - )l () + 1 (D) + a(cffp (1) + . (i))- M

where 0<a<l
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Tree Structure

e How to build a tree structure

— Repeat the following k-means procedure
until the grand sum of distances converges.

* A) For each mixture in G,,,, calculate the
distance from it to each child node pdf, and
assignh each mixture to the nearest child node.

* B) Recalculate the child node pdf

 C) Calculate the sum of distances from each
child node to each of its mixture and then
obtain the grand sum.

— Set each child node to be node k.
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s@\ Summarization of Gaussian
‘ Distributions

Let X = {xl yeees X7 }denote a given set of adaptation data.
each sample vector x, 1s transformed into a vector y
VY, = Z;l/z(xt - ,um) t=1,..T m=1,...M

When there 1s no mismatch between the training and

adaptation data, the pdf for Y, ={y ..., v .}is the

standard normal distribution N(Y |0,1)
When there 1s a mismatch between them, the pdf for Y

is different from N(Y|0,1)
Here the pdf for Y 1s assumed to be N('Y

v,1)
where v # 0 andn =1
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s@\ Summarization of Gaussian
‘ Distributions

G which 1s the whole set of mixtures
is divided into subsets {G, ..., G, |

where P is the total number of subsets

One common normalized pdf, A% (-) = N(Y |v?),n?)

1s shared by all the mixture in each subset
G, =12 ()rrs €7 ()rren g7 () fwhere M is the

M(p)

number of the mixture in subset GG )
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s@\ Summarization of Gaussian
‘ Distributions

Then the ML estimates of the parameters (v?,n'")

T

»)(,,(p) N(p) (p) N(p)
DDA (SARA) AR |
M(P)

Z Z?/(p)

t=1 m=1

Then HMM parameters are updated
~ _ = 1/2 ~
=g 4 (Z,Sf)) ()

() (z(p))1/2ﬁ(p)[(§;p))l/2]f




Hierarchical Prior

We have developed the tree structure representation
ﬂ“gcp)] (vk( pl) ) 77 k( pl) )
Now foreach k = /,...,K, with given 4, ,
ik — afgmax p(/lk | ik—la Y)
k

= arg max (Y | A /ik—l )p (/Ik | /ik—l)
& p(Y)

0 :ﬂ“ :(O I)
J, =argmax p(¥ 1 4)pl2, 14,

o>

U

( A | /Ik 1)1s assumed to be a normal - Wishart

(/1 M*kl) (Vka77k|Vk1>77k1a§kaTk)

_ . _ . 1 (.
oc| 17, | i exp[— % (Vk ~Via )T 77k1 (Vk ~Via )} exp{— 5 tr(ﬂk—ﬁkl )}
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* Hierarchical Priors




SMAP Adaptation Using
J Hierarchical Priors

Let the node sequence from the root to the leaf
corresponding to the mth mixture be
{N],..., N, ,...N, }where N, 1s the rootand NV,

1s the leaf node directly attached to mixture m



SMAP Adaptation Using
J Hierarchical Priors

Since p(4, | Y)= [ p(4 | 4. Y)p(A | Y)dA  Vk=1..K
l |Y j j l |/1K19Y (ﬂ“k|/1k—19Y)'”

(/11 | ﬂ“o»Y)p(ﬂ*o | Y)a%od;tl edAy Withj p(/lo | Y)d;to =1
Because it is difficult to maximize directly, a key step 1s to be assume

(2, 120 1Y)p(A | Y = pla 14, Y)

p(ﬂ’kﬂ | A |Y)p(/1k |/€k—1aY)d/1k ~ p(ﬂvm |/:tkaY) k=1..,K-1



SMAP Adaptation Using
J Hierarchical Priors

K-1
p(ie 1Y) = gpbmaAﬁ

Then
. L, +rv,
Vi = I, +7,
ﬁk—l T Fkﬁk T Tkrk (‘7k o ‘;k—1)(‘7k o ‘;k—l)T
A T, +1,
e & +T,

K K
_ > wh _ L 7
=Y w,V, where o, =

k=1 I, +7, ooal +7,
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> Joint MAP and MAPLR

e Reference:

— Speaker Adaptation Using combined
Transformation and Bayesian Methods —
SAP'96 Vassilios V. Digalakis

— Joint Maximum a Posteriori Adaptation of
Transformation and HMM Parameters —
ICASSP'00 and SAP'O1 O. Siohan
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> Joint MAP and MAPLR

* MLLR is quite efficient when the
amount of adaptation data is limited.

* MAP has nice asymptotic properties.

« We jointly optimize a direct and
indirect adaptation to take advantage
of both approaches.

e We use MAP criterion
(AMAPDﬁMAP): arg H}&X PX|A,M)p(A,M)

where p(X | A, n) denotes the likelithood funtion




Recognition A Expected Joint MAP Transformation/Estimation
accuracy
Model! Transformation i LI LE LTI L PRt e -
Adapted models
SD models
SI models 4
e
Amount of
adaptation data

/
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\g\ Joint MAP and MAPLR

e Denote S =15, }:state sequence
L = {/ } : mixture sequence

= {X, } : observation sequence
* So the cm’rer'lon can be rewritten as

(AMAPanMAP) arg maxz Z P(X,S, LA, n)p(A,1n)
Define the auxiliary function

O(A, 7| A )= Ellog p(X,S,L| A, 1) + log p(A, M) | X, A,

Assume that A and 77 are independent, then
p(A, ) = p(A)p(W)
- O(A M| An) = Elog p(X,S,L | A, ) + log p(A) + log p(T) | X, Adn]




Joint MAP and MAPLR

* The M-step can then be sub-divided to jointly
optimize A and M via an iterative approach
leading to the following M-step:

— LInitialization: A =A ,i=1
— 2.5etp /:
 Maximize Q functionw.r.t m’ given AU

" = argmax Ellog p(X,S, L] A", 7) + log p(ii”) | X, A" ]
n
* Transform the model using n’ : A¥ = F, (A
* Maximize Q-function w.r.t A" :
A" = arg max E[log p(X,S,L|A")+1og p(A")|X, 7&(”]
A

— 3.If a fixed point is not reached, i+ + goto step 2
_ 4 Termination: A=A",n=n"



Joint MAP and MAPLR

A(l)

A(2)
(initial model)

marcr | find ntV marir | find n*? marcr | find n®®

AV =F, (A") A® =F ., (AV) AP =F , (A®)

(intermediate model) (intermediate model) (intermediate mode

map | adapt A uap | adapt A wv4p | adapt AC

AP

(final model in step

AP
(final model in step 2)

A(l)
(final model in step 1)
Step 1 Step 2 Step 3
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> Joint MAP and MAPLR

e MAP estimation of the transformation

matrix
>MAPLR estimation

W =argmax p(X | W, A)p(W)

* MAP estimation of the HMM parameters
->MAP estimation

A = argmax p(X | W,A)p(A)
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r~ = @‘
@\ Joint MAP and MAPLR

O(A, |A,)

T
— Z Z p(89 L | X’ Ac )Z [log ast_l,st + log Wsl,lt + log p(xt | ﬁc ’ us,,z, > RS,,Z, )]
S L t=1

+10gp(K )+

= 2 Z Zn(J k)log p(x, M., 1, ,k)}ﬂogp(A )+’

=1 Y Y 5., k)[——tr((x -WE, )(x, -WeE )'R, )ﬂ

| =1 j=1 k=1

+log p(W)+¥"

 Differentiating w.r.t W. and set it to
zero

then we can obtain the estimate
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« How to choose p(A)

— It might happen that p(A) and P(A)  no
longer belongs to the same family of
distributions.

— We only consider the reestimation of
the mean vector 1 and assume that the
conjugate prior density of n is a Normal

distribution
p(ll]k) p(u,k |m]k T]k)ocexp|:__(u]k j,k)TTj,k(llj,k _mj,k)

where m ;, and 7, are all hyperparameters

Joint MAP and MAPLR

m ;, is the mean and 7, 1s the precision matrix
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> Joint MAP and MAPLR

* Then it is easy to show that the prior
distribution of B« is also a Normal
distribution

p(ﬁj,k | ﬁj,ka?j,k) o« eXp{_%(ﬁj,k - ﬁlj,k) Tk (ﬁj,k - ﬁij,k )}

~ -I\T -1
where m;, =Am,, +b and 7, =(A") 1A
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O(A, |A,)

=> Y p(S,L|X,A)>

+log p(A,)

T

-y Y

K
k:

1

K
k:

1

_l(ﬁj,k _m

7/t(],k)10gp(x |u’]k9 ]k)

~

Y v,k log p(x, R, R ;)

I~ - ~ '
j,k) Tk (l‘j,k —m;, )+ Y

Joint MAP and MAPLR

[logas s +10gwsl +log p(x, Hls za st,l,)]

+log p(p; )+
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> Joint MAP and MAPLR

e Differentiate w.r.t B, and set it to
zero, we can obtain the estimate [MAP]

’

T -1 T

ﬁj,k — |:fi:j,k + 27/;(]9 k)Rj,k:| (rfj,kﬁij,k T Zyt(jak)Rj,kxtj
t=1 t=1

- m,, =Am,, +b

T, =AT1,, A

~ 1\ LN )
M = {(A ) T AT+ 7 k)Rf’k}

t=1

T
((AI)T T A" (Am, +b)+ Z v.(j,k)R j,kxt)

t=1
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ppendix-Matrix Calculus(1)

P No-ra-'-lon:a , X , b are vectors of dimension n
a, , X, ,b, be the ith element in vectora,xand b

B , X is a matrix of dimension n X n

B, , X, be the ith row , jth column element in matrix B and

. . dy.
d_y 1s a vector whose ith element 1s Yi
dx dx
d_y 1s a vector whose ith element 1s d_y
dx dx,
T
y 1s a matrix whose (i, j) element 1s Y
dx dx,
dX .
ax is a matrix whose (i, j) element is —
dx dx
dy dy

—— 1s a matrix whose (i, j) element 1s
;

T



~ ‘A\E',j‘
@V ppendix-Matrix Calculus(2)

o . .d (a'Xb)
Properties 1.2

proot 01> b (X,
T L s 5(aTXb) i=1 = b
‘a Xb = b, X . = —a
Y NS X, o
d(aTXb) —ab'
dX
<«

d (aTX b) _ .

 Properties 1— Extension:

— proof o a{y{bif(ajxlj)}}
aTXTb:.yn{bi,yn:(anzj)} L0@Xb) =L

~d(a'Xb)

=b,a

X, oX,,

— ba'
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Appendix-Matrix Calculus(3)

* Properties 2: d(’;;c") —(c+c )
— proof

|
VXICx = i|:xii(xjcji )} ox €x) _ L=

L 12k

J=1

=LA 0X, 0X,

2x,C,, i=j=k

t=1 t=1

t#k

S C.x, j=k#i

d(’;;cx) -(c+C™k



Appendix-Matrix Calculus(4)

* Properties 3¢d[trg<XT)]:B
— proof

(BXT)I-J- — kiBikak
=1

ZF(BXT ) = i i Bk;th

k=1 t=1

— a[t’"(BXT)]: anzn:Bkt Ak=i,t=j)=B,

aXij k=1 =1
dlr(BXT)] .
. dX -

T



~ ‘A\E'a‘
@V ppendix-Matrix Calculus(b)

* Properties 4:d[d;;§X)]=det(X)-X‘T

— proof

Ay

and X - adj(X) = det(X) -1

d[dflix)] =ladi(X)|' = [x-1 -det(X)-I]T = det(X)- X7

T



ppendix-Matrix Calculus(6)

* Properties b: d[an,;CXb]:C

_ proof Letu=Xa and v=Xb .. ui:kZ_;Xikak and Vi:kz_;xikbk
a'X"CXb=u'Cv = Zn:(vizn:ujcﬁj = Z":[(Z": Xz’kbkan:(znlxjkak jCﬁ]
i=1 Jj=1 i=1 k=1

j=1 k=1

Xab' + CXba'

d(wav(Xuvav )CJ”) I = u,j =u
dXMV
o X,b,| > (X,a,)C,
o™X CXb]- ( ) []Z( " )C’J] S
.. = T u’] .
aXW a)(uv
a(i(XiVbVXwava )j
i#u l * uaj =u
X,

2ab,C X, i=u,j=u

- b"i(xjvav k]u l = u’j U = avbvi(cjuxjv)-l_ avbvi(cuixiv) = CTXabT + CXba
J#u j=1 i=1

;(Xivbvavcui) l # u’j =u e
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Appendix-Matrix Calculus(7)

* Properties 6:xx'Ax = tr(xxTA)
— proof

A
tr(xx'A) = Zn: XXTA)Z.Z. = Zn:[zn: (xxT)ikAkij = anzn: XX, A}

i=1 k=l

LXTAX =tr(xx A)

T
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Appendix-Matrix Calculus(8)

* Some other properties :

_ d(x'a) d(@'x)

dx  dx

d(tr(X"AXB))

dX
d (aT X‘lb)
dX

2o dltr(X'C'X A
2 =

where C 1s symmetric

a

= A"XB" + AXB

=-X"ab' X

=-X"T(A+A")X'C'X™)

T



