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Presentation Outline
• Background
• Maximum a Posterior
• Maximum Likelihood Linear Regression
• MLLR another approach
• Constrained Maximum Likelihood Linear Regression
• Maximum a Posterior Linear Regression
• Structural Maximum a Posterior
• Joint MAP and MLLR
• Appendix — Matrix Calculus
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Reference
• Adaptive Methods for Speech and 

Speaker Recognition – PSTL Jean-
Claude Junqua and Roland Kuhn



Background
• Intra-Speaker Variability



Background
• Inter-Speaker Variability



Background
• Adaptive System



Background
• Goal

– Produce a system with Speaker-Dependent 
(SD) performance given small amount of 
data from new speaker.



Background
• Main Speaker Adaptation Methods

– Bayesian
– Transformation-based
– Based on Clustering and Model selection



Background
• Comparison of Methods

modelcrazy



Background

• Direct and indirect adaptation
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Maximum a Posterior
• Reference:

– A Study on Speaker Adaptation of the Parameters 
of Continuous Density Hidden Markov Models –
SAP’91 C.-H. Lee

– Bayesian Adaptive Learning of the Parameters of 
Hidden Markov Model for Speech Recognition –
TR’92 Q. Huo

– Maximum a Posteriori Estimation for Multivariate 
Gaussian Mixture Observations of Markov Chains –
SAP’94 J.-L. Gauvain

– Bayesian Adaptive Learning of the Parameters of 
Hidden Markov Model for Speech Recognition –
SAP’95 Q. Huo

– On Adaptive Decision Rules and Decision Parameter 
Adaptation for Automatic Speech Recognition –
Proceedings of IEEE’00 C.-H. Lee



Maximum a Posterior
• Introduction
• MAP estimate for Multinomial 

– Prior Dirichlet
• MAP estimate for DHMM

– Prior Dirichlet
• MAP estimate for SCHMM

– Prior Dirichlet + normal-Wishart
• MAP estimate for CDHMM
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Multinomial
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Multinomial
• Many useful random variables used in speech 

recognition and language processing, including N-
grams, histograms, mixture gains, and discrete 
HMM probabilities, can be modeled this way.
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Multinomial
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Discrete HMM
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Discrete HMM
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Discrete HMM 1
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Discrete HMM
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Discrete HMM
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Discrete HMM
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Discrete HMM
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Discrete HMM
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Discrete HMM
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Discrete HMM
• How to choose the initial estimate 

for                   ?
• One reasonable choice of the initial estimate is 

the mode of the prior density.
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Discrete HMM
• What’s the mode ?

– So applying Lagrange Multiplier we can 
easily derive above modes.

– Example :
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Discrete HMM
• Another reasonable choice of the initial 

estimate is the mean of the prior density. 

• Both are some kind of summarization of the 
available information about the parameters 
before any data are observed.
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SCHMM
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SCHMM
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SCHMM
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• Differentiating           w.r.t and 

equating it to zero.
)|( ΛΛR )(m

iπ

)(

)(1

1)(

1)(

1)(1
1)(

1

1)(
01)(1

0log1)(

0log1)(0)|(

),(
1

11

)(

1

),(
1

1

)(

)(),(
1

11

)(),(
1

1)(

)(),(
1

11

)(),(
1

1

1

)(

1

)(),(
1

1)()(),(
1

1
)(

)(

1

)()(),(
1

1
)(

)()(),(
1

111
)()(

jN

i

j

i

jl
l

j

l

i
li

li

iR

nm
W

n

N

j

m
j

N

j

nm
W

n

m
i

m
j

nm
W

n

N

j

m
i

nm
W

nm
i

m
j

nm
W

n

N

j

m
j

nm
W

n
N

j

m
j

N

j

m
i

nm
W

nm
i

m
i

nm
W

n
m

i

m
j

N

j

m
i

m
i

nm
W

n
m

i

m
i

m
i

nm
W

n

N

i

M

m
m

i
m

i

m

m

m

m

m

m

m

m

m

m

γη

γη

ηγ

ηγ
π

ηγ
ηγ

π

ηγ
πηγ

π

ππηγ
π

πηγ
ππ

∑∑∑

∑

∑∑

∑

∑∑
∑

∑∑

∑
∑

∑∑

∑∑∑

===

=

==

=

==

=

==

=

=

==

===

+−

+−
=

⎥
⎦

⎤
⎢
⎣

⎡
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

−+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

=∴

⎥
⎦

⎤
⎢
⎣

⎡
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=−⇒=

−

−+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

⇒=

−

−+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

=⇒=+⎥
⎦

⎤
⎢
⎣

⎡
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎥

⎦

⎤
⎢
⎣

⎡
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∂
∂

⇒

=
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∂
∂

⇒=
∂

∂ ΛΛ

Initial probability



SCHMM
• Differentiating           w.r.t and 

equating it to zero.
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• Differentiating           w.r.t and 

equate it to zero.
)|( ΛΛR )(m

ikw

),(

),(1

1),(

1),(

1),(1
1),(

1

1),(
01),(1

0log1),(

0log1),(0)|(

),(

111

)(

1

),(

11

)(

)(),(

111

)(),(

11)(

)(),(

111

)(),(

11

1

)(

1

)(),(

11)()(),(

11
)(

)(

1

)()(),(

11
)(

)()(),(

11111
)()(

),(

),(

),(

),(

),(

),(

),(

),(

),(

),(

jiK

ki

ji

ki
w

jil
l

ji
w

l

ki
wlki

w

wlwki
w

wki
ww

R

nm
t

T

t

W

n

K

j

m
ij

K

j

nm
t

T

t

W

n

m
ik

m
ij

nm
t

T

t

W

n

K

j

m
ik

nm
t

T

t

W

nm
ik

m
ij

nm
t

T

t

W

n

K

j

m
ij

nm
t

T

t

W

n
N

j

m
ij

K

j

m
ik

nm
t

T

t

W

nm
ik

m
ik

nm
t

T

t

W

n
m

ik

m
ij

K

j

m
ik

m
ik

nm
t

T

t

W

n
m

ik

m
ik

m
ik

nm
t

T

t

W

n

K

k

N

i

M

m
m

ik
m

ik

nm
m

nm
m

nm
m

nm
m

nm
m

nm
m

nm
m

nm
m

nm
m

nm
m

ξν

ξν

νξ

νξ

νξ
νξ

νξ
νξ

νξ

νξ

∑∑∑∑

∑∑

∑∑∑

∑∑

∑∑∑
∑∑

∑∑

∑∑
∑∑

∑∑∑

∑∑∑∑∑

====

==

===

==

===

==

==

==

==

===

=====

+−

+−
=

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

−+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

=∴

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=−⇒=

−

−+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

⇒=

−

−+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

=⇒=+
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∂
∂

⇒

=
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∂
∂

⇒=
∂

∂ ΛΛ

Mixture weight



SCHMM
• Differentiating           w.r.t and 

equating it to zero.

• Differentiating           w.r.t and 
equating it to zero.
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• Full Covariance matrix case :

)(

)1())(()
2
1(

)()(
2
1),|(log

),(

),(

),(),(
),(

k
nm

tk

k
nm

t
T

kk

k
nm

tk
T

k
nm

t
k

kk
nm

tN

mxr

mxrr

mxrmx
m

rmx

−=

−×−+×−=

′

⎥⎦
⎤

⎢⎣
⎡ −−−=

∂
∂

( )

( )

)(

))((
2

||
),(

1

||
),(

1),(log

)()(
22

1
2

2
1)()(

22

kkkk

kkkk
k

trD

k
kk

trD

k
kkk

kk

kkk
T

kk
k

kk
k

kkkkk
T

kk
kk

ee
g

ee
g

g

µmr

rrµmr
rm

r
rmm

rm

µmrµmru

ruµmrµm

−−=

+−−××=

′

⎥
⎦

⎤
⎢
⎣

⎡
×=

∂
∂

−−−−
−

−−−−
−

τ

ττα

τα

Full Covariance



SCHMM
• Full Covariance matrix case :
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• Full Covariance matrix case :
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• Full Covariance matrix case :
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SCHMM
• Full Covariance matrix case :
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SCHMM
• The initial estimate can be chosen as the 

mode of the prior PDF

• And also can be chosen as the mean of the 
prior PDF
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SCHMM
• Diagonal Covariance matrix case :
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SCHMM
• Diagonal Covariance matrix case :
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SCHMM
• Diagonal Covariance matrix case :
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SCHMM
• Diagonal Covariance matrix case :
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SCHMM
• Diagonal Covariance matrix case :
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SCHMM
• Diagonal Covariance matrix case :
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SCHMM
• The initial estimate can be chosen as the 

mode of the prior PDF

• And also can be chosen as the mean of the 
prior PDF
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CDHMM
• Continuous Density HMM case:
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CDHMM
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CDHMM
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MLLR

• Linear transformation of original model (SI) 
to maximize likelihood of adaptation

• MLLR is multiplicative; MAP is additive

• MLLR much less conservative than MAP – a 
few sec. of data may change model 
dramatically.

Background



MLLR

– Speaker Adaptation of HMMs Using Linear 
Regression – TR’94 Leggetter and 
Woodland

– Maximum Likelihood Linear Regression for 
Speaker Adaptation of Continuous Density 
Hidden Markov Models – CSL’95 Leggetter
and Woodland

– MLLR:A Speaker Adaptation Technique for 
LVCSR – Hamaker

Reference :



MLLR

• The regression transform is first derived 
for the single Gaussian distribution pre 
state, and later extended to the general 
case of Gaussian mixtures. 

• So, the p.d.f for the state s is
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MLLR

• A more general approach is adopted in which 
the same transformations matrix is used for 
several distributions. Regression Class

• If some of the distributions are not observed 
in the adaptation data, a transformation may 
still be applied. Models would update whether 
correspond adaptation data observed or not.

Single Gaussian Case 



MLLR

• MLLR estimates the regression matrices to 
maximize the likelihood of the adapted models 
generation the adaptation data. Maximize 
the likelihood to obtain the regression 
matrices.

• Full and Diagonal covariance cases will be 
discussed.

Single Gaussian Case 



MLLR

Assume the adaptation data, X, is a series of T 
observations.

Denote the current set of model parameters by      
and a re-estimated set of model parameters as 
Current extended mean 
Re-estimated mean 

TxxxX ,...,, 21=

λ
λ

µ
ξ

Single Gaussian Case 



MLLR

The total likelihood is

λS
XλSX

λSXλX
S

modelgivensequencestatetheusing
generatingoflikelihoodtheis)|,(
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The quantity                 is the objective function to 
be maximized during adaptation.

)|( λXf

Single Gaussian Case 



MLLR

We define the auxiliary function

[ ]∑=
S

λSXλXSλλ )|,(log),|()|( ffQ

Since only the transformations       are re-estimated, 
only the output distributions            are affected so 
the auxiliary function can be written as
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MLLR

∑ ==
S

λX ),|()(define We jsft tjγ

So…The Q-function can be rewritten as
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Single Gaussian Case 



MLLR

Expanding                 then the auxiliary function is)(log tjb x
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MLLR
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MLLR
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Then complete the differentiation, and equating to 
zero.

Single Gaussian Case 



MLLR
• Regression Class Tree for MLLR

Tied Regression Matrices 



MLLR
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MLLR
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MLLR

• Then the p.d.f for the state j would be

• Then likelihood

( )

weightmixturetheisand
matrixcovariancetheisandmeantheis

||2
1)( )()(2/1

2/12/
1

1

jk

jkjk

jk
Djk

K

k
j

w

ewb jkjk
T

jk

Cµ
C

x µxCµx −−−

=

−

∑= π

sequencemixturepossibleone is  and
sequencestatepossibleone iswhere

)|,,()|(

L
S

λLSXλX
LS

ff ∑∑=

Mixture Gaussian Case



MLLR
• Then Q-function will be

• The derivation is the same as single Gaussian 
case, just        substitute for
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MLLR

• If all the covariance of the distributions 
tied to the same transformation are the 
same a special case of MLLR

• Then
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MLLR

• If each frame is assigned to exactly one 
distribution ( Viterbi alignment )

• Then

t
nttt

nt

t
n

ttt
ntt

n

sRC
T
ss

T

t
ssRC

T
st

T

t

n
t

sRC

T
ssssRC

T

t

T
stsRC

T

t

RCs

δ

,
1

,
1

)(

,

,
1

,
1

)()(

)(

)()(

otherwise0
1

where

δδ

δ

δξ

ξξWξx

ξξWx

∑∑

∑∑

==

==

=⇒

⎩
⎨
⎧ ∈

=

=

⎩
⎨
⎧

=
otherwise0

ondistributistatetoassignedisif1
)( rt

s

s
t

r

x
γ

Least Squares Regression
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MLLR

• If the scaling portion of the regression 
matrix is assumed to be diagonal, the 
computation can be vastly reduced.
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MLLR
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MLLR
• Two approaches were considered:

– 1.based on broad phonetic classes.
• Models which represent the same broad phonetic 

class were placed in the same regression class.
– 2.based on clustering of mixture components.

• The mixture components were compared using a 
likelihood measure and similar components placed 
in the same regression class.

• The data driven approach was found to be more 
appropriate for defining large numbers of classes.

Defining Regression Classes



MLLR

– Variance Compensation Within the MLLR 
Framework for Robust Speech Recognition 
and Speaker Adaptation –ICSLP’96 Gales 

– Mean and variance adaptation within the 
MLLR framework – CSL’96 Gales and 
Woodland

– MLLR:A Speaker Adaptation Technique for 
LVCSR – Hamaker

Variance Adapted

Reference :



MLLR
• We apply Cholesky Decomposition to the 

inverse of covariance matrix:

• We can observe that
• Now the inverse of covariance matrix is 

updated by

• So
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MLLR
• What does the transformation mean ?

– Origin :

– New   : [ ] [ ] [ ] [ ]kdsjdsiks
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MLLR

• The auxiliary can be obtained
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MLLR
• Differentiate Q-function w.r.t and set it 

to zero then…
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MLLR another approach
• Reference:

– Speaker Adaptation Using Constrained 
Estimation of Gaussian Mixtures – SAP’95 
Vassilios V. Digalakis



Introduction
• This approach is an extension of model 

space MLLR where the covariances of 
the Gaussian components are 
constrained to share the same 
transforms as the means.

• The transformed means and variances 
and are given as a function of the 
transform parameters:
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Single Gaussian Case
• Assume the adaptation data, X, is a series of T 

observations.

• For each state s
• Denote the initial model by

• Current set of model parameters by applying 
the transformation  
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sA



Single Gaussian Case
• Re-estimated set of model parameters by 

applying the transformation

• We denote the parameter set 

number state  total theis  
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Single Gaussian Case
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Single Gaussian Case
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• We define the auxiliary function

• Since only the transformations            are 
re-estimated, only the output distributions        
are affected so the auxiliary function can 
be written as

ss bA ,
)( tsb x

),|()( where

)(log)()|(
1

ΛX

xΛΛ
S

jspt

btconstantQ

tj

tjj

T

t

==

⎥
⎦

⎤
⎢
⎣

⎡
+= ∑∑

=

γ

γ



Single Gaussian Case
• Where
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Single Gaussian Case
• Expanding                then the auxiliary 

function is
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Single Gaussian Case
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Single Gaussian Case
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Single Gaussian Case
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Single Gaussian Case

• Since covariance is diagonal, means that 
there is no correlation between dimensions. 
Hence, the transformation is assumed to be 
diagonal.
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Single Gaussian Case (ML)
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Constrained Maximum 
Likelihood Linear 

Regression 

Constrained Maximum Constrained Maximum 
Likelihood Linear Likelihood Linear 

Regression Regression 
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CMLLR
• Reference:

– Constrained Maximum Likelihood Linear 
Regression for Speaker Adaptation –
ICSLP’00 Mohamed Afify and Olivier 
Siohan



CMLLR



MAPLRMAPLRMAPLR

←



MAPLR
• Reference:

– Hidden Markov Model Adaptation Using 
Maximum a Posteriori Linear Regression –
In Workshop on Robust Methods for 
Speech Recognition in Adverse 
Conditions ’99

– Maximum a Posteriori Linear Regression for 
Hidden Markov Model Adaptation –
EuroSpeech’99  C. Chesta

– Maximum a Posterior Linear Regression 
with Elliptically Symmetric Matrix Variate
Priors – EuroSpeech’99 W. Chou



MAPLR
• It is necessary to introduce some 

constraints on the possible values of 
the transformation parameters to 
avoid getting unreasonable estimates.

• A bayesian counterpart of the well 
known MLLR adaptation is formulated 
based on MAP estimation.



MAPLR
• Let     be a set of SI hidden Markov models.
• Some transformations        applied to 

various clusters of HMM parameters.
• Denote      be some adaptation data.
• Then

• Rather than carrying out the estimation 
using ML, we derive an estimate of         
using MAP.
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MAPLR
• In a given state     , the pdf of an 

observation vector      is modeled by a 
mixture of      Gaussian distributions :

where                      is a Normal 
distribution of mean       and precision 
matrix
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MAPLR
• A mean vector             is adapted using an 

affine transformation             

• Where
• So the Gaussian distribution ..

• Clusters of mean vectors are also defined 
so that all mean vectors from the same 
cluster share the same transformation
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MAPLR
• How to select the prior density          ?

– Unlike MAP estimation of HMM parameters, 
no obvious conjugate prior densities would be 
found in our case.

– If the prior of matrix is chosen as the 
product of a Normal-Wishart density, no 
closed-form solution could be obtained for 
the square transformation matrix.

)(Wp



MAPLR
• Let            be an adaptation 

utterance used to derive
• Define an auxiliary function
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MAPLR
• We assume that
• So we can maximize the 

transformation and bias individually.
• we will differentiate the auxiliary 

function w.r.t the bias firstly.
• Assuming the distribution of the bias 

is modeled by a Gaussian distribution 
with mean     and covariance matrix
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MAPLR
• Differentiating w.r.t and equate to 

zero
cb
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MAPLR
• A closed form solution can be easily 

obtained. 
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MAPLR
• Second, we’ll differentiate the auxiliary 

function w.r.t the transformation      
• But how to choose the prior distribution for 

the transformation      ?
• Unlike MAP estimation of HMM parameters, 

no obvious conjugate prior densities could be 
found.

• If we assume that the transformation is 
modeled by Normal-Wishart density, we would 
get a equation with no closed-form solution.

• The derivation will be shown in the following :

cA



MAPLR
• Prior :
• Differentiating w.r.t and equate 

to zero
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MAPLR
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MAPLR
• Chou suggests to select         from a 

family of elliptically symmetric 
distributions.

• Here, a special case of elliptical 
distribution can be seen as a matrix 
version of a multivariate normal 
distribution.
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MAPLR
• So, we can maximize the Q-function w.r.t

transformation     and bias    
simultaneously. (i.e. with respect to     )

• The Q-function can be rewrite as
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MAPLR
• Differentiating Q-function w.r.t and set it 

to zero.

• In the following we drop subscript c. It should 
be clear that the summation should be 
performed only on acoustic units belonging to 
the cluster c.
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MAPLR
• The matrix      can be obtained by 

solving the system of             linear 
equations:
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MAPLR
• If we assume that       and      are 

diagonal then

• So the matrix       can be obtained by 
solving D system          linear equations.
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MAPLR

• When n = 3
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MAPLR
• Hyper-parameter Estimation :

– Basic principle : 
• First generate a set of N transformation 

matrices. 
• Then use N matrices to derive an estimate of 

the hyper-parameters.
– Another way:

• Select a set of training data for N different 
speakers and estimate the regression matrices 
for each speaker using a MLLR approach.

• Drawback: Some data is required to derive the 
hyper-parameter.



MAPLR
• Hyper-parameter Estimation :

– Another attractive technique:
• Collect the mean vectors from the SI models 

associated to a given regression class.
• Assign the mean vectors into N subsets        
• For each subset      , the subset can be further 

partitioned into 2 subsets
• Each mean vectors from       can be projected 

onto each mean vectors from      by applying the 
transformation.

• can be easily estimated using MLLR by 
assuming that      is a set of data vectors and       
corresponds to the models.
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MAPLR
• Hyper-parameter Estimation :

– Once these N transformation matrices          
have been obtained, we can use a maximum 
likelihood approach to derive the
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MAPLR Variance 
Adaptation

MAPLR Variance MAPLR Variance 
AdaptationAdaptation



Reference
• Maximum a Posterior Linear 

Regression (MAPLR) Variance 
Adaptation for Continuous Density 
HMMs – EuroSpeech’03 Wu Chou and 
Xiaodong He



MAPLR Variance 
Adaptation
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MAPLR Variance 
Adaptation
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MAPLR Variance 
Adaptation
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Reference
• Structural MAP Speaker Adaptation Using 

Hierarchical Priors – ASRU’97 Koichi 
Shinoda and Chin-Hui Lee

• Unsupervised Adaptation Using Structural 
Bayes Approach – ICASSP’98 Koichi 
Shinoda and Chin-Hui Lee

• A Structural Bayes Approach to Speaker 
Adaptation – SAP’01 Koichi Shinoda and 
Chin-Hui Lee



Tree Structure
• Distance measure between two gaussian

components:

– The sum of the Kullback-Leibler divergence
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Tree Structure
• Approximate single gaussian for each node k
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Tree Structure
• How to build a tree structure

– The structure of the tree structure is 
designed; the number of layers and the 
number of branches from a node in each 
layer are determined.

– Set the root node to be node k and the 
set G to be set Gnow . Calculate the node 
pdf for the root node.



Tree Structure
• How to build a tree structure

– If node k has no child nodes, stop
clustering. Otherwise, give the initial pdf
for each child node using the minimax
method that is described as follows.

kp
(c
k

k

1...Pp cg

kP
kg

p =

⋅

,  node childfor  pdf node  theis  

 node of nodes child ofnumber   theis  
 nodefor  pdf node  theis  )(

)

)(



Tree Structure
• Minimax method :

– First :

– Second:
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Tree Structure
• Minimax method :

– Third:
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Tree Structure
• How to build a tree structure

– Repeat the following k-means procedure 
until the grand sum of distances converges.

• A) For each mixture in Gnow, calculate the 
distance from it to each child node pdf, and 
assign each mixture to the nearest child node.

• B) Recalculate the child node pdf
• C) Calculate the sum of distances from each 

child node to each of its mixture and then 
obtain the grand sum.

– Set each child node to be node k.



Summarization of Gaussian 
Distributions
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Summarization of Gaussian 
Distributions
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Summarization of Gaussian 
Distributions
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Hierarchical Prior
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SMAP Adaptation Using 
Hierarchical Priors



SMAP Adaptation Using 
Hierarchical Priors
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SMAP Adaptation Using 
Hierarchical Priors

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( ) 1,...,1,ˆ|,ˆ|||

,ˆ||||

assume be  tois stepkey a  directly, maximize todifficult  isit  Because

1|p    with|,|

,|,||

  |,|| Since

11

01000

00110001

11

111

−=≈

≈

=

=

=∀=

+−+

−

−−

−−−

∫

∫

∫

∫∫

∫

Kkpdpp

pdpp

ddddp

ppp

K1,..,kdppp

kkkkkk1k

1

K

kkKKK

kkkkk

YYY

YYY

YYY

YYY

YYY

λλλλλλλ

λλλλλλ

λλλλλλλλ

λλλλλ

λλλλλ

L

LLL



SMAP Adaptation Using 
Hierarchical Priors
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Joint MAP and MAPLRJoint MAP and MAPLRJoint MAP and MAPLR
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Joint MAP and MAPLR
• Reference:

– Speaker Adaptation Using combined 
Transformation and Bayesian Methods –
SAP’96 Vassilios V. Digalakis

– Joint Maximum a Posteriori Adaptation of 
Transformation and HMM Parameters –
ICASSP’00 and SAP’01 O. Siohan



Joint MAP and MAPLR

• MLLR is quite efficient when the 
amount of adaptation data is limited.

• MAP has nice asymptotic properties.
• We jointly optimize a direct and 

indirect adaptation to take advantage 
of both approaches.

• We use MAP criterion
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Joint MAP and MAPLR



Joint MAP and MAPLR
• Denote

• So the criterion can be rewritten as

• Define the auxiliary function

• Assume that    and    are independent, then
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Joint MAP and MAPLR
• The M-step can then be sub-divided to jointly 

optimize    and      via an iterative approach 
leading to the following M-step:

– 1.Initialization:
– 2.Setp i : 

• Maximize Q function w.r.t given

• Transform the model using
• Maximize Q-function w.r.t :

– 3.If a fixed point is not reached,            goto step 2
– 4.Termination:

Λ η
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Joint MAP and MAPLR
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Joint MAP and MAPLR
• MAP estimation of the transformation 

matrix
MAPLR estimation

• MAP estimation of the HMM parameters
MAP estimation
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Joint MAP and MAPLR
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Joint MAP and MAPLR

• How to choose
– It might happen that         and           no 

longer belongs to the same family of 
distributions.

– We only consider the reestimation of 
the mean vector     and assume that the 
conjugate prior density of     is a Normal 
distribution
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Joint MAP and MAPLR
• Then it is easy to show that the prior 

distribution of        is also a Normal 
distribution
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Joint MAP and MAPLR
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Joint MAP and MAPLR
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• Differentiate w.r.t and set it to 
zero, we can obtain the estimate [MAP]
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Appendix-Matrix Calculus(1)
• Notation:
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Appendix-Matrix Calculus(2)
• Properties 1:

– proof

• Properties 1— Extension:
– proof
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Appendix-Matrix Calculus(3)
• Properties 2:

– proof
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Appendix-Matrix Calculus(4)
• Properties 3:

– proof
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Appendix-Matrix Calculus(5)
• Properties 4:

– proof
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Appendix-Matrix Calculus(6)
• Properties 5:

– proof
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Appendix-Matrix Calculus(7)
• Properties 6:

– proof
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Appendix-Matrix Calculus(8)
• Some other properties :

–

–

–
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