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Introduction

« Current speech recognition systems are mainly
composed of :

— A front-end feature extractor (feature extraction

module)
» Required to discover salient characteristics suited for classification

» Based on scientific and/or heuristic knowledge about patterns to
recognize

— A back-end classifier (classification module)
» Required to set class boundaries accurately in the feature space
 Statistically designed according to the fundamental Bayes’ decision

theory
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Background Review:
Digital Signal Processing



Analog Signal to Digital Signal

Analog Signal

Digital Signal:
Discrete-time
signal with discrete
amplitude

Discrete-time Signal or Digital Signal

x[n]: x,(nT), T :sampling period

o)

. sampling period=125 1z s
Fo= A sampling rate |=>sampling rate=8kHz

_____________________________________________



Analog Signal to Digital Signal

Continuous-Time
Signal

x, (t)

Continuous-Time to Discrete-Time Conversion

Discrete-Time
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Analog Signal to Digital Signal

* A continuous signal sampled at different periods
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Analog Signal to Digital Signal
Spectra

2

2z —— = 27F, (sampling frequency)

S(jQ):T z s(Q - kQ )
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200 e 0 . 20, 30, A0
(b)
X, (jQ)= I—Xa ()= s() R, (jQ):{T Q<72 = x,(j0)= R, (10)x,(Q)
' 0  otherwise
x.Go)=— ¥ x,(@ -k ) " SR deonoea e Q<=7
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-2, >Q
(ns—nw) :>Q >2Q
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Analog Signal to Digital Signal

To avoid aliasing (overlapping, fold over)

— The sampling frequency should be greater than two times of
frequency of the signal to be sampled — Q >2Q,,

— (Nyquist) sampling theorem

« To reconstruct the original continuous signal

— Filtered with a low pass filter with band limit @,
* Convolved in time domain

Brer st [ o | 5 %alt)= 25, 0T Y~ oT)
wcbt o Lag] h(t) sinc Q ¢ '> "?’0
e (a) o — Z X, (nT)sinc Qs(l‘—nT)

Samples of x(7)

__;—/’ /\{
T o

T e o
(r+1)T (n+2)T (n+3)T
(b)

T n=-3)T (n-2T (n—-1T T



Two Main Approaches to
Digital Signal Processing

* Filtering
Signal in

<[]

Filter

»

A

Amplify or attenuate some frequency
components of x[n]

« Parameter Extraction

Signal in

A

Parameter

»

Extraction

e.g..
1. Spectrum Estimation
2. Parameters for Recognition

»
»

Signal out

y[n]

Parameter out




Amplitude

Sinusoid Signals

x[n]z A cos (a)n + ¢)

f :normalizedfrequency

- |

A :amplitude (T?HJF&)
@ :angular frequency (£|#is), @ =2af =

¢ :phase (i)

——————

______

Period, represented
by number of samples

| xn]= Acos(am_gj

80 T' = 25 samples

1 T T v T
0.5 - ® ® = ® . -
ob - " ° B ° . o
0.5} T . . 7 N .
= 1 - _g: 1 e _O. 1 L - g:
0 10 20 30 40 50 60 70
Time (samples)
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Sinusoid Signals

+ x[n] is periodic with a period of N (samples)

—> x[n+N]= x[n]
—> Acos (w(n+ N)+¢)= Acos (on + ¢)

—> a)N:227z
—> a):_ﬂ
N

« Examples (sinusoid signals)

x,[n]= cos (zn/4) is periodic with period N=8
x,|n]=cos(37n/8) is periodic with period N=16
xy[n]=cos(n) is not periodic

11



Sinusoid Signals

x,[n]=cos (zn/4)
= cos (ln] = cOoS (Z(n + Nl)j = COoS (ln +£N1j
4 4 4 4

= %Nl =27-k= 8-k (N, and k are positive integers )

N, =8

x,[n]=cos(3zm/8)
= cos(3—ﬂ-nj = cos(3—ﬂ(n+N2)j = cos(3—ﬂ-n+3—ﬂ-N2]
8 8 8 8

= %-Nz =2r-k= N, =%k (N, and k are positive numbers )

~N,=16

., [n]= cos (n)
= cos (1-n)= cos (1-(n+N3))=cos (n+N3)
= N, =2rx-k

"+ N, and k are positive integers

S N, doesn' t exist !
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Sinusoid Signals

« Complex Exponential Signal

— Use Euler’s relation to express complex numbers

Z=X+Jy

—> Z = Ae]¢ = A(COS ¢+]Sln ¢) (4 is a real number )

x = A cos ¢
y = Asin ¢

13



Sinusoid Signals

* A Sinusoid Signal

x[n]: A cos (a)n +¢)

——————————————————————————————————————————————————————————————

14



Sinusoid Signals

« Sum of two complex exponential signals with

same frequency i
j(on+do) j(@n+ 1)
A,e "7+ Ae !

:ef””(AOej¢° +A1ej¢1)

— /9" o /7

_ Ae ](a)n+¢)

A, A, and A, are real numbers

— When only the real part is considered
A, cos (a)n + ¢, )+ A, cos(wn + ¢, ) = A cos (a)n + ¢)

— The sum of N sinusoids of the same frequency is
another sinusoid of the same frequency .5



Some Digital Signals

Table 5.1 Some useful digital signals: the Kronecker delta, unit step, rectangular signal, real
exponential (a <1 ) and real part of a complex exponential (r<1).

Kronecker delta, ] n=_(
or unit impul o[n] =
pu.se 0 otherwise

Unit step - {1 nz0
uln] =

. nal b

Rectangular ol 1 0<n<N
: rect..[n]=
signal ¢ 0 otherwise %.m“; 4

Real exponential | x[n]=a"u[n] H .

Hm [ »
Compl — Al a] = oI
ex;n(jiezial it el hf of[11t o208

= " (cosn@, + j sinn, Juln] L[




Some Digital Signals

» Any signal sequence x|[z] can be represented

as a sum of shift and scaled unit impulse
sequences (S|gnals)

"""""""""""""""""""""

x|n]= Zx[k] [n - k]

e S T T Time-shifted unit

scale/welghted impulse sequence

A x(7) A S(n)

® — 2
(a) (b)

[n]- kﬁwx[k] 5[n—k]- kax[k] 5[n - k]
= x[— 2]5[11 + 2]+ x[—l]é[n + 1]+ x[O]é[n]+ x[1]5[n —1]+ x[2]5[n - 2]+ x[3]5[n - 3]

=0+ 2]+ C2)ln+1]+ @)ln]+ Ol 1]+ C1)oln 2]+ ()s[n - 3]

17



Digital Systems

» A digital system T is a system that, given an
iInput signal x[n], generates an output signal y[n]

yln]=Tix[n];

x|n] I

yln]




Properties of Digital Systems

e Linear

— Linear combination of inputs maps to linear
combination of outputs

Tlax,n]+bx [n]i= aT ix,[n]i+ 6T 1x, ]

* Time-invariant (Time-shift)
— A time shift of in the input by m samples give a shift in
the output by m samples

y[n + m]: T{x[n + m]}, Vm

19



Properties of Digital Systems

* Linear time-invariant (LTI)
— The system output can be expressed as a
convolution (3Fl=#i 75 ) of the input x[n] and the
iImpulse response h[n]

— The system can be characterized by the system’s
iImpulse response h[n], which also is a signal
sequence

- If the input x[n] is impulse s [» ], the output is h[n]

20



Properties of Digital Systems

* Linear time-invariant (LTI)

- Explanaton.
| it Time-shifted unit
x[n = z x[k]5[”_k] impulse sequence
scale
o Tl =] Fxlklo[n - k]
k= [ linear
= k_§ x_k_ET {5 [n - k]}
- ¥ x|k Jrln - k]
Impulse response k=—o T : cant
5 [n] _ h[n Y A ime-invarian
~— geten | ]L_[/] »
Time invariant convoidtion
5ln—k|—— hln—k]
21




Properties of Digital Systems

* Linear time-invariant (LTI)

— Convolution Length=M=3
« Example —3
1
o [”’] ; 1 Toe—e—
Length=L=3 | LTI L, A [n ] -2
T % . X [n ] 9 Length=L+M-1
? N N ‘ ‘
O—H—01—2‘> LTI 3 T
T gl t 12 Sum up
P es > '3 1 b
2-hn-1] $ :; [; 34
2-8[n—1 f | > —4J1_2{_3jr,> 0123 go%
1 h[n—2] 1 -
. — 0—0—4—0—0—1—9 4
1-8[n—2] I > il
) 22




Properties of Digital Systems

* Linear time-invariant (LTI)

— Convolution: Generalization
» Reflect h[k] about the origin (— h[-k])
» Slide (h[-k] — h[-k+n] or h[-(k-n)] ), multiply it with x[K]

« Sum up y[n]:kiwx[k]h[n—k]
x [k ] m :kiWX[k]h[_(k_n)]
n k] Reflect Multiply

23



Pkt

Reflect 2

x[k]ﬁ—i%»

£
2

h[n - k]
Sum up
11
v
4 o>
5
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Properties of Digital Systems

* Linear time-invariant (LTI)

— Convolution is commutative and distributive

x[p]xn [n]*n,[n]
= x[n]*h,[n]*n[n]
hz[”]__> <:> ——th[n] ‘hl[n]—’

A

\ 4

Commutation —>h, [n ]

o ]* (hyfn ]+ ns[n ]

hyln] =xn]rhn]+s x[n]*h,[n]
Distribution { & <> — i [n]+ i, [n]—

vl = xln ]*nln ]
= h[n]*x[n]

— An impulse response has finite duration
» Finite-lmpulse Response (FIR)

— An impulse response has infinite duration
» Infinite-lmpulse Response (lIR)

= sz_wx [k 1n [n - & ]

sz_wh [k Ix[n - & ]

25



Properties of Digital Systems

* Bounded Input and Bounded Output (BIBO): stable
| x[n]|s B, < » Von
| y[n]|s B, < 0o Vo
— A LTI system is BIBO if only if h[n] is absolutely summable
s |k 1l o

k = —o

26



Properties of Digital Systems

« Causality

— A system is “casual’ if for every choice of n,, the output
sequence value at indexing n=n,depends on only the input
sequence value for n<n,

— Any noncausal FIR can be made causal by adding sufficient long
delay

27



Discrete-Time Fourier Transform (DTFT)

« Frequency Response Hle™)
— Defined as the discrete-time Fourier Transform
of A [n ]
— (') is continuous and is periodic with period= 27

H(e’®)
/\ proportional to two
_ _ times of the sampling
2m m

T m S frequency

Figure 5.8 H(e’®) is a periodic function of o .

— H (e’ )is a complex function of @
H(ej“’): H,,(ej” )+ jHl.(eja’)

magnitude 28



Discrete-Time Fourier Transform

« Representation of Sequences by Fourier Transform

H (e Je )= n=§_ooh [n]e_j”” DTFT

e ]-= ﬁm H (e/* )e " dw Inverse DTFT

— A sufficient condition for the existence of Fourier transform

‘ h[n ]‘ < o0 absolutely summable

n = —ao

Fourier transformis invertible

H(ej“’ ) = :iih[n]e_j"’”

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

= h[m]z—fﬂej“’(”_m)da): fh[m]5[n—m]:h[n]

m=—0 T m=—0

1 T
2 s

eja)(n—m)da)

1 o Jo(n=m) ]”

— T

N j2rn(n—m)

_sin 7z(n —m)

(=)
B I, m=n
- 0, m#n

=5[n—m]

29



Discrete-Time Fourier Transform

Convolution Property

H (e o ): niwh [n]e_jw”

y[nl= x[nl*hln]= kz x|k ln - k]

= —©

:0/\00 ___________________________________ — Z::;kk
Y(ejw)z wakzz_oox[k]h[n—k]e dp =
- 3 sk fwk(nzwh[n Je e j



Discrete-Time Fourier Transform

« Parseval’s Theorem

power spectrum

0 2 1 T N 2 i The total energy of a signal
> ‘ X [n ] ‘ = —" 1 |X (e e } d @ can be given in either the
n = —00 27T R ! time or frequency domain.

— Define the autocorrelation of signal x [~ |

R.ln]= S xlm+nl"[m] e
o = Zx [x" [=(n = 1) = x[n]*x"[-n]

A (a)) X(a))X (a) |X(a))|2
R ”]:ELTSM ”’”da)——j X a))( e’"dw

Set n =20

R [0]= Y x[mp[m]=> |x[m] = ﬁ X (o) do

= = - 31



Discrete-Time Fourier Transform

Property Signal Fourier Transform
Linearity ax,[n]+ bx,[n] aX,(e’®)+bX,(e’®)
x[—n] Xt ™)
x*[m] X e ™y
x"[—n] X" (e’?)
X (e’?) is Hermitian
X () =X"(e’)
Symmetry IX (e“’:"’)l is even’
x| 7] real Re{X (e’”)} is even
arg {X(e""" )} is odd’
Im{X(e’”)} is odd
Even{x[n]} Re{X (e’”)}
Odd{x[~]} JIm{X (e’)}
Time-shifting x[rn—n,] X (™ ypion
x[r]e ™" X (e
Modulation <nlz"
. x[n] * Al r] X(e’*)YH (e’®)
Convolution x[n]y[n] # X (&™) % ¥ (/)

Parseval’s
Theorem

oo

R _[al= Z x[m + n]x"[m]

nm=—cc

S, (@) =|X ()|

32



Z-Transform

« z-transform is a generalization of (Discrete-Time)
Fourier transform

h[n H(eja’)
hin. H (z)

— z-transform of #[n] is defined as
H(z)= > hlnlz "

n= -0 A

« Where z = re ’®, acomplex-variable Im | complex plan

» For Fourier transform /\
H(e]a)): H(szzeja) K/ R;

— z-transform evaluated on I (|Z| ~ 1) unit circle
the unit circle 33




Z-Transform

 Fourier transform vs. z-transform
— Fourier transform used to plot the frequency response

of a filter
— z-transform used to analyze more general filter
characteristics, e.g. stability im + complex plan
T
. N
 ROC (Region of Converge) Ry

— |Is the set of z for which z-transform exists (converges)

o0

2, |#ln ]|

n = —0

— In general, ROC is a ring-shaped region and the
Fourier transform exists if ROC includes the unit circle

—n

< OO absolutely summable




Z-Transform S B ]

 An LTI system is defined to be causal, if its
Impulse response is a causal signal, i.e.

h[n] =0 for n<O0 Right-sided sequence

— Similarly, anti-causal can be defined as
h[n] =0 for n>0 Left-sided sequence

 An LTI system is defined to be stable, if for every
bounded input it produces a bounded output

— Necessary condition: ﬁ_ ‘ 2 [n ]‘ < o0

 That is Fourier transform exists, and therefore z-transform
include the unit circle in its region of converge



Z-Transform

* Right-Sided Sequence

— E.g., the exponential signal 0
) 1 forn=>0
1. A [n]:a u[n], where u[n]z
0 forn<O
X n_-n - -1V 1
Hl(Z): xaz = Z(CIZ ) = 3 have apoleat Z=0
n=-0 N=-0 ‘ l—az <+—(Pole: z-transform goes to infinity)
f Jaz | <1
. ROC | is |z|>|a|
the unit cycle Im 4
\ Fourier tr ansform of
ST h,[n]exists if |a| <1
\>C<l Re ‘ ‘
36




Z-Transform

« Left-Sided Sequence

0
— E.q.
2. h [n]:—a”u[—n—l] __________________________
Hy(z)== Sa'ul-n-1f " == 3a'z" | If]a'z|<1

_ /1 _Cl_lZ 1
——Za 2" =1-3(az) £1-
n:0 l—a'z l-a z 1-az

L ROC , is |z|<|a

the unit cycle

Im &
\ when |a| < 1, the Fourier transform of
(} . h, [n] doesn't exist, because £, [n] will go
a Re exponentially as n — —oo
37




 Two-Sided Sequence

3 hg[n]_(_é)"un]_@"u[_n_l]

— E.q.

Z-Transform

(_;_jnu[n] SN 1 11 : |z|>? ) . 22(2—112)
t3Z :> 3(2)_ +
-(3) wbn-1l E 311 | <+ : SRR (Mij
1- —z7!
2
ROC ; 18 ‘z‘< 1 and ‘z‘> l|
2 3

»

Fourier transform of 4, [n] doesn' t exist,

Re because ROC, doesn't include the unit circle

38




Z-Transform

Finite-length Sequence

_E 0 N-1
-9- a”, 0<n<N-1
3. h4 [n]: O, others 2" v azV 2+azzj;’3+ ..... +a™!

W pg
N-1 o N-I( 1—(az 1) 1 z7 —a
H4(z)= >az =3xl\az | = =
n=0 n=0 l-az z z—a

. ROC, 1s entire z-plane except z =0

the unit cycl j(27 )
e unit cycle , kA F=1.N —1

3*\ < ,:' » Re
\\o\ ,O,I
-
7 poles at zero A pole a.nd zero at

Z =@ is cancelled

39




Z-Transform

* Properties of z-transform

1. If h[n] is right-sided sequence, i.e. h[n]= 0, n<n,andif ROC
is the exterior of some circle, the all finite z for which |z|> 7,
will be in ROC

e If n,>20 ,ROC willinclude z=ow

A causal sequence is right-sided with 7, 20
ROC is the exterior of circle including z =«

2.If h[n] is left-sided sequence, i.e. h[n]=0, n>n, ,the ROCis
the interior of some circle,

e If n,<0 ROC willinclude z=0
3.If h[n] is two-sided sequence, the ROC is a ring
4. The ROC can’t contain any poles

40



Summary of the Fourier and z-transforms

Table 5.5 Properties of the Fourier and z-transforms.

Property Signal Fourier Transform z-Transform
Linearity ax,[n] + bx,[n] aX,(e’)+bX,(e™) aX,(z)+bX,(z)
x[—n] X (e Xz
x"[n] X' (e®) X'(z")
x*[—n] X" (") X (/2"
X (e’®) is Hermitian
X(e®)=X"(™)
Symmetry 'X (e’ )l is even’
x[n] real Re{X(e/®)} is even X(z)=X"(2)
a:g{X(ej“’ )} is odd’
Im{X(e™)} is odd
Even{x[n]} Re{X(e’*)}
Odd{x[n]} JIm{X(e™)}
Time-shifting x[n—n,] X (e’®)e /o X(z)z™
x[nle’®" X(ej'(m—ﬂ'?aJ) X (e z)
Modulation x[n)z! X(z/z,)
| x[n]* h[n] X(e/°)H (™) X(z)H(z)
Convolution x[n]y[n] L X (&) ¥ (e™)
2r
’]:‘il:(?r\;a;:;s R . [n]= i x[m+ n)x"[m] S (@) = |X(“’)42 X(2)x"(1/2°)

M=—oc

41



LTI Systems in the Frequency Domain

« Example 1. A complex exponential

sequence xfn]=e™ R
— System impulse response h[n] = 2l dnln - k]
o B P 1 B i ]
k=-w

! H (ej @ ): the Fourier tr ansform of
= e J a’” Z h [k ] e’ Jok the system impulse response.
: ! It is often referred to as the

; system frequency response.

— Therefore, a complex exponential input to an LTI
system results in the same complex exponential at

the output, but modified by H(efa’)
« The complex exponential is an eigenfunction of an LTI
system, and erf“’) Is the associated eigenvalue

T{x[n]}:H(ej“’)x[n] 42



LTI Systems in the Frequency Domain

+ Example 2: A sinusoidal sequence x{n]= Acos(wyn +¢)

Wl I
x[n]: ACOS(&)On+¢) e .—Cosé’—i-zsmé’
Y A e’ =cos@—isin @
= e/ + —e e = cos @ = l(e’p +e’j(’)

— System impulse response #|n]

Z=x+ jy = e/’ =cosw+ jsin w
Z*¥=x— jy :>(ej‘“)=cosa)—jsina)
e’ = cos(— )+ jsin(-w)

=Ccos @ — jsin w

.......... Y A )=
— é ij_[(ejwo ) j(@on+¢) -IEPH*(eij )e_j(a’on+¢)] H*(ejwo):‘]_[(ejw 18—]'4H(efwo)
ST R N
_ 4 E\H(efwo }esz(ef“’O );ej(”(’”“”) +§\H(ef‘“0 )e—jLH(eij ) ](a)on+¢)]

________________________________
________________________________

43



LTI Systems in the Frequency Domain

« Example 3: A sum of sinusoidal sequences
K
x[n]z Z A, cos (a)kn + ¢k)
k=1

y[n] = Z Ak‘H(ej”k }Cos[a)kn +¢, + LH(ej”" )]

>

— A similar expression is obtained for an input
consisting of a sum of complex exponentials

44



LTI Systems in the Frequency Domain

- Example 4: Convolution Theorem n]+Hn] < xle*)He”)

DTFT

bl Eolo - > +le)- £ 503

hn: _Zw:a”u[n], a|<1 ___DTFT N H(ef“’):l_ale —

T e e | o)l ele)
LTl tttf UL

H(o) [

—1 |

I()I

K..n ? f

T w

IHE

21

P
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LTI Systems in the Frequency Domain

- Example 5: Windowing Theorem x[n]m{n]@z—;W(e’”)*X(e’“’)

x[n]z kif[n —kP]

27m
W[l’l]: 0.54_0.46008(]\[_1), n= 0,1 ........ N -1 Hamm|ng W|ndOW
0 otherwise
( 1“3‘{”][ I 2 i Y(ef‘”):iW(eﬂ”)*X(ejw)
T e T s 25
== n = __t__ 7’: = =—7ZW(e )*k;o?ﬂd[w—?ﬂk]

: win] |W(w)| B 27
P

———

46




Difference Equation Realization
for a Digital Filter

* The relation between the output and input of a
digital filter can be expressed by

N M
= Lacrln k] 8 poeln ]
linearity and delay properties @ delay property
x[n]—) X(Z)
x[p-n,]> X))z

V)= $a vt b g

Causal:

A rational transfer function @ Rightsided, the ROC outside the
d, outmost pole
—k
> B,z Stable:
H (Z ) — Y (Z) — _k=0 The ROC includes the unit circle
X (z) 1 — g o 7z F Causal and Stable:
Kok all poles must fall inside the unit

circle (not including zeros)

47



Difference Equation Realization
for a Digital Filter

Im
o ___1,_,_ _ Z—vplane
",—- : --.,5\\ o
I,
I! .
! >4 e ) ‘,
‘ l
\ X ;
\\
| \\ﬂ.__“ -“' / ;
. ™ Unit Circle

Figure 2.8 Pole-zero configuration
for a causal and stable discrete-time

system.
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Magnitude-Phase Relationship

 Minimum phase system:

— The z-transform of a system impulse response
sequence ( a rational transfer function) has all zeros as
well as poles inside the unit cycle

— Poles and zeros called “minimum phase components”
— Maximum phase: all zeros (or poles) outside the unit
cycle R
l-a z
* All-pass system: L_azl}

— Consist a cascade of factor of the form

Poles and zeros occur at conjugate
reciprocal locations

— Characterized by a frequency response
with unit (or flat) magnitude for all frequencies

%
l-a z

=1

-1
1—az

49



Magnitude-Phase Relationship

» Any digital filter can be represented by the cascade of a
minimum-phase system and an all-pass system

H(z)=H,;(2)H,,(z)

Suppose that H (z)has only one zero %* (|a| <1)

outside the unit circle. H(z)can be expressed as :
H(z) = H, (z)(l - a*z) (H, (z)is a minimum phase filter)
— HI(Z)<1 _ aZ—l) (1 —d Z)

(l—az_l)

H, (z )(1 —az”! )is also a minimum phase filter.

(1-a"z) .

—4 1s a all - pass filter.
(1 —az )

where :




FIR Filters

FIR (Finite Impulse Response)
— The impulse response of an FIR filter has finite duration
— Have no denominator in the rational function H(z)

* No feedback in the difference equation

yln]= Afoﬁrx[n - r]

=

[ ]- {,Bn, 0<n<M

0, otherwise

— Can be implemented with simple a train of delay,
multiple, and add operations
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First-Order FIR Filters

* A special case of FIR filters

y

:n]z x[n]+ ax[n —1] > H(z): 1+ az™

H (ej“’ )= 1+ ae’?

H(e’.“)}2 = ‘1 + a(cos @ — jsin a)x2

=(1+acosa))2+(asina))2 =1+2acosw

. o Sin @
9(@"" )= — arctan
l1+acosw
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Figure 5.21 Frequency response of the first order FIR filter for various values of .
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Discrete Fourier Transform (DFT)

* The Fourier transform of a discrete-time
sequence is a continuous function of frequency

— We need to sample the Fourier transform finely
enough to be able to recover the sequence

— For a sequence of finite length N, sampling yields the
new transform referred to as discrete Fourier
transform (DFT)

X(k)=> x[n]e_jykn, 0<n<N-1  DFT, Analysis

kn
X[k]e N 0<n<N -1 Inverse DFT, Synthesis
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Discrete Fourier Transform (DFT)

VO<kSIN-1
N-1 —]2—ﬂkn
X[k]:Zx[n]e N 0<n<N-1
n=0
]éﬂ h .27[1 i .X[O] | i X[O] _
- ]WLI - ]Wl-(N—l)
e coe e N _X[l] X[l]

e N T A N - | x[v-1]



Discrete Fourier Transform (DFT)

Orthogonality of Complex Exponentials
1 Nt 5 r)n {1, if k-r = mN

_— e —
N =0 0, otherwise
1 ~ -1 I
N
x[n]— N—kZOX [k]e
2 2z
N -1 v N-1 1 ~-1 ==
= nZzox[n]e = nZzoN—kZ_OX[k]e
N RS S Gl X[k]=x[r+mnN]
= kzzo X [k ]{N_nzo e } =X[I”]
= X [r]
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Discrete Fourier Transform (DFT)

« Parseval’s theorem

N -1

Z ‘x[n]‘z = %Nzl ‘X(k )‘2 Energy density
k=0

n=0
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