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Two-step approach to Calculating Derived PDF

 (Calculate the PDF of a Function Y = g(X) of a continuous
random variable x

1. Calculate the CDF [y of Y using the formula

Fy(y)=P(g(X)< y)= Jxlg ()t Fx (06 e

2. Differentiate to obtain the PDF (called the derived distribution) of Y

Iy (y) ~ ch);y(y)
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 Example 4.1.

lllustrative Examples (1/2)

Let X be uniform on [0, 1]. Find the PDF

of Y =+X .Notethat Y takes values between 0 and 1.

Fy(y)=P(¥ <y)=P(X < y)=p(x < y?)=)>

fY(y)

fX(x) )

1

_ dFY(J’)

=——=-=2y, 0<y<lI

dy

—

fr(v) 4

2
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lllustrative Examples (2/2)

- Example 4.3. LetY = X2, where X is a random
variable with known PDF [y (X) Find the PDF of Y
represented in terms of fy (x).
For any y > 0, we have
Fy(v)=P(r<y)=px><y)
bl zx =)
:FX(\E)—FX(—\E)
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The PDF of a Linear Function of a Random Variable

e Let X be a continuous random variable with PDF fx (x)

and let
Y =aX + b,

for some scalar a #(0 and b . Then,

a>0, b>0
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The PDF of a Linear Function of a Random Variable (1/2)

* Verification of the above formula

<y)=P(
Fy(y)—aP(Xsy_bj—FX y—_bj FY(J’)=P(X2y;b :1—FX[y7_bj
a5 @ yi)) = 5 ):dFX(y_bj.d(y_bj:_if &
= fy(y)= Eyc;?) dy =§fx(y—_bj " d y‘bj dy a'\ a
d
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lllustrative Examples (1/2)

« Example 4.4. A linear function of an exponential
random variable.
— Suppose that X is an exponential random variable with PDF

de ™™, if x>0,
fx (X): .
0, otherwise.

« where A is a positive parameter. Let Y = aX + b . Then,

(1 . _i(-b)a

— e VTPV if (y—b)/a =0,
fr(»)=+ ‘a‘

0, otherwise.

\

Note thatif a>0andb=0, then Y is a exponential with parameter %
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lllustrative Examples (2/2)

 Example 4.5. A linear function of a normal random
variable is normal.

— Suppose that X is a normal random variable with mean u

and variance o2,

(x—p)

e 20° -0 < x <

9

1

x o
— Andlet Y =aX +b ,where a and p are some scalars. We

have fY(Y): fo(ﬂj
a] a

(y—b_ﬂjz . Y is also a normal random variable

a . .
1 1 s with mean au + b and variance a’c?

e 20
‘a‘ \N2mo

_(y=(b+ap)y

= e : <
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Monotonic Functions of a Random Variable (1/4)

Let X be a continuous random variable and have values
in a certain interval I ( fy(x)=0 forxe /). While
random variable ¥ = g(X ) and we assume that g is

strictly monotonic over the interval [ . That is, either
(1) g(x)< g(x') forall x,x"el, satisfying x<x'

(monotonically increasing case), or

(2) g(x)>g(x') forall x,x"el, satisfying x<x

(monotonically decreasing case)

401
35F
30 Y=2X+3
25+
20}
151
10¢
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0
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15f

10F

Y =-2X+3
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Monotonic Functions of a Random Variable (2/4)

« Suppose that £ is monotonic and that for some function
h and all x intherange [/ of X we have

y =g(x)

— For example,

y=glx)=

ifmﬂoﬂyﬁxzhbﬁ

ax + b

—

—

_b
x=h00=ya
1
x=h00=l§i
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Monotonic Functions of a Random Variable (3/4)

dh(y)
— Assume that /1 has first derivative gy - Then the PDF

of Y intheregionwhere fy (y) > (0 is given by

fY(y): fX(h(Y))(—

« For the monotonically increasing case

Fy(y)=P(g(X)< y)=P(X <h(y))= Fx (h(y))

A

dF’
:>fY(y): ;,;(y)
_dFy(h(y)) _ dFy(n(y)) dh(y)
______ dy _dnly) dy
: dn(y) | an(), —
) I e
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Monotonic Functions of a Random Variable (4/4)

« For the monotonically decreasing case

Fy(y)=P(g(X)<y)=P(X > h(y))=1-Fy (r(y))

Y

hiy) - - X

Event {X >h(Y)}
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lllustrative Examples (1/5)

- Example 4.6. Let Y = g(X): X? ,where X is a
continuous uniform random variable in the interval (0, 1].
— Whatis the PDF of )V ?
 Within this interval,

s h(y)=y

We have
Ix (x):l

for all

&g is strictly monotonic, and its inverse

0<x<1

and g(X )being strictly increasing

—

fx (\/;): 1,

fY(y):

dh (y)
dy

fx (\/;):

N

for all 0 < y <1
——, if ye(0,1]

0, otherwise
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lllustrative Examples (2/5)

Example 4.7. Let X and Y be independent random
variables that are uniformly distributed on the interval [0,
1], respectively. What is the PDF of the random variable

Z =max {X,Y}

F,(z)=P(max {X,Y}< z)
=P(X <z,Y<z)
=P(X <z)P(Y < z)

2
= Z

7 ( ) 2z, if 0<z<1
Z )=
g 0, otherwise
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Question

« Let X and Y be independent random variables that are
uniformly distributed on the interval [0, 1], respectively.
What is the PDF of the random variable Z = min {X, Y}
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lllustrative Examples (3/5)

 Example 4.8. Let X and Y be independent random
variables that are uniformly distributed on the interval [0,
1]. What is the PDF of the random variable Z =Y / X

'+ X,Y areindependent

Sy y)= L@y (0)=1,
forallx,y, 0<x,y<1

F,(z)=P(Y /X < z)
(2/2, if 0<z<1

Il
.

1-(1/2z), if z>1 =) fr(z)=1

y1 | _!/1 A Z_/
Slope z
\ z/ Slope|z
AN

0 X - 0 1 X ]
(1/2, if0<z<1
1/(222) if z>1
0, otherwise

0, otherwise

\
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lllustrative Examples (4/5)

 Extra Example. Let X and Y be independent random
variables that are uniformly distributed on the interval [0,
1], respectively. What is the PDF of the random variable
Z = XY ’ \

1
\Z
™ z=xv

1 X

for 0<z<1 = for 0 <z <1,
F,(z)= P(XY < z) fr(z)==Inz

1 o2
Xy (x,y)dydx +L jox Sxy (x,y)dydx For example,
F,(1/8)= P(XY <1/8)

ol
—Jo Jo
ol
0

[ ldydz +J.1£dx
Z X

.O [ 4
1
=Z+meL

=z—zlnz Probability-Berlin Chen 17



lllustrative Examples (5/5)

- Example 4.9. Let X and Y be independent random
variables that are exponential distributed with parameter 1 .
What isythe PDF of the random variable Z = X —Y

for z>0
F,(z)=P(X -Y <2z)

- J’: on+z Sxy (‘xa y)dxdy

= for z <0,
- L“’ joy”ae-me-“dxdy = for 220, P . 7,()= A
_ j:ze-@uoy”ﬂe-“dx)dy f2(E)=7¢ CAe® ( [ ae de :
= [Tae (e o
= ["aePdy — [ e A dy A - Ll [T 2ae2"ay
:1_%“ _ ot _;_e_ize”
L
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An Extra Example

« Let X and Y be independent random variables that are
uniformly distributed on the interval [0, 1], respectively.
What is the PDF of the random variable Z = max {2.X,Y }

Let X'=2X = X'isuniformly distributed on [0, 2]

with PDF £,.(x')= 1/
F,(z)=P(max{2X,Y}<z)=P(max{X",Y}<z)

< |
= F,(z)=Yzz= 12 112

0, otherwise
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Exercise

1. Let X and Y be independent random variables that are
uniformly distributed on the interval [0, 1]. What is the
PDF of the random variable Z =2 X /3Y

2.Let X and Y be independent random variables that are
uniformly distributed on the interval [0, 1]. What is the
PDF of the random variable Z =2X —-3Y
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Sums of Independent Random Variables (1/2)

We also can use the convolution method to obtain the
distribution of W=X+Y

— If x and Y are independent discrete random variables with
integer values

iy W)=P(X +Y =w)= SP(X =x,Y =y)
ey )t y=w}

:ZP(X:x,Y=w—x)=ZP(X=x)P(Y=W—x)

= Z px (x)py (w—x). (also equivalent to Y. py (w— y)py (y)j
: Y

Convolution of PMFs of X and vy
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Sums of Independent Random Variables (2/2)

— If X and Y are independent continuous random variables,
the PDF f;(w) of W=X+Y can be obtained by

fW(W): EooofX(x) Y(W_x)dx Convolution of PMFs of xand y

L(also equivalentto [ fy(w—x)fy( y)dy)

Note that independence - Applying the multiplication (chain)rule, we have

P < WX = x)=P(X +7 < WX = x )mgy 2= mPH" i e e o)
=P(x+Y <w) E o et
e = fx(x)fy (w—x) ?
- FW|X (w‘x): Fy(W_X) ,l:

Differentiate the CDFs of both sides with respect to w ( ) | ( )d
:>fw|X(W‘x):fy(W—X) Jww —f_oofW,X W, X Jdx

=[x (x)fy (w—x)dx

Finally,by marginalization, we can have
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lllustrative Examples (1/4)

« Example. Let X and Y be independent and have PMFs

given by 1/2, if y=0,
( ) 1/3, if x=1,2,3, ( ) 41/3, if y=1,

X)= =
Px 0, otherwise. Prv=y 6, if y=2,

0,  otherwise.
— Calculate the PMF of W =X+Y by convolution.

We know that the range of possible value of W are integers from the range [1, 5]

pw ()=2 py ()py(1-x) pw(3)=Z px (x)py (3-x)
=py (l)pY (O) =Px (I)PY (2)+ Px (2)]-71/ (1)+ Px (3)]-71/ (O)
=1/3-1/2 =1/6 =1/3-1/6 +1/3-1/3 +1/3-1/2

=1/18+1/9+1/6 =1/3

pW(2)2§pX(X)pY(2_X) pW(4):§pX(x)pY(4_x)

Pw (5): %PX (X)PY(S - x)

=Px (I)PY (1)"‘ Px (Z)PY (0) =Px (3)PY (2)
=1/3-13+1/3-1/2 = px(2)py(2)+ px (3)py (1) =1/3-1/6
~1/9 +1/6 = 5/18 =1/3-1/6+1/3-1/3 ~1/18

=1/18+1/9=1/6
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lllustrative Examples (2/4)

« Example 4.10. The random variables X and Y are

independent and uniformly distributed in the interval
[0, 1]. The PDF of W=X+Y is

S W)=[7, fx (O)fy(w—1)dt

We know that the range of possible value of W are in the range [0, 2]

((jw=0 (ii)o<w<1 (iti)w=1 (iv)l<w<2
£el0) 4 fx(e) 4 £0) £
| 1 : 1 1
s /R )
vt 1t W -
fyr(=1) 4 fy(w=1) 4 fy(=1) 4 fy(—t) 4
: T 7 /R
. e Y 1
-1 t w— w 4 w=1 t w—1 1 t

S )= fx Oy (=)t =0 fiy(w)=[ fi (e)fy(w=1)dt = w SO =R L@y (=o)de =1 fwrw)=[ Fre)fy(1=2)dt =2-w
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lllustrative Examples (3/4)

(iv)w=
fx(t) 4 fIV( ”LU)
1 A
> 1
| A
fy(l=1) 4 / \
i 9 w

1 w=2 :l‘

(w,  if 0<w<lI
fW(W)=<2—W, if 1<w<?2
0, otherwise

(min{l, w}-max{0,w-1}, 0<w<?2 ,
shown in textbook

0, otherwise
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lllustrative Examples (4/4)

— Or, we can use the “Derived Distribution” method previously

introduced y 4
1
Since X and Y are indepent random varibles uniformly distribute d in [0, 1],
C. fX,Y(xJ/)Il
we have their joint PDF fXY(x,y)z fr(@)fy(y)=1, foro<xy<1
1 X
(i) 0<w<sl (i)1<w<2
y A ¥y 4 B
X+y=w ?\\f+}“_w w, if 0<w<l1

.'.fW(w): 2—w, 1if 1Sw<2

> >\ o
%\ ‘ %/kw\ | 0, otherwise

W\l ;C 1 W\;C
Fpw)=PW <w)=P(X +Y <w) Fyw)=P @ <w)=P (X +7 < w)
)
=Tw :1—;—(2—w)2
= fw(w)=w = fw(w)=2-w
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Graphical Calculation of Convolutions

* Figure 4.10. lllustration of the convolution calculation.
For the value of W under consideration, f;(w) is equal
to the integral of the function shown in the last plot.

L f_}L"Lf;'
( w>0: shifted right 4 fy{w-1) Shlfted by w fyl(- 1) Fllpped around the origin
w<0: shifted left ) /K

—d

b S w=1) fylt)

®
/\ Calculate the product of two plots
: bt
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Recitation

« SECTION 4.1 Derived Distributions
— Problems 1, 4, 8, 11, 14
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