Further Topics on Random Variables:
Derived Distributions

Berlin Chen

Department of Computer Science & Information Engineering
National Taiwan Normal University

Reference:
- D. P. Bertsekas, J. N. Tsitsiklis, Introduction to Probability , Section 4.1



Two-step approach to Calculating Derived PDF

. Calculate the PDF of a Function Y = g(X ) of a continuous
random variable x

1. Calculate the CDF Fy of Y using the formula

Fy(y)=P(g(X)< y)= Jxlg ()t Fx (06 e

2. Differentiate to obtain the PDF (called the derived distribution) of Y

Iy (y) ~ ch);y(y)
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lllustrative Examples (1/2)

« Example4.1. Let x be uniform on [0, 1]. Find the PDF
of Y =+ X .Notethat Y takes values between 0 and 1.

Fy(y)=P(¥ <y)=PWX <y)=P(x < y?)=y?

fY(y)

fX(x) )

1

_ dFY(y)_

=—1=2=2y, 0<y<1

dy

—

fr(v) 4

2
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lllustrative Examples (2/2)

« Example 4.3. LetY = X2, where X is arandom
variable with known PDF fx (x). Find the PDF of Y
represented in terms of fy (x).

For any y > 0, we have

Fy(y)=P(r <y)=Plx2<y)
el frexs )
:FX(ﬁ)—FX(—ﬁ)
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The PDF of a Linear Function of a Random Variable

e Let X be a continuous random variable with PDF f x (X)

and let
Y =aX +b,

for some scalar a #0 and b . Then,

a>0, b>0
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The PDF of a Linear Function of a Random Variable (1/2)
« Verification of the above formula

Fy(y)=P(r<y)=PlaX +b< y) (i) Fora <0
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lllustrative Examples (1/2)

« Example 4.4. A linear function of an exponential
random variable.
— Suppose that X is an exponential random variable with PDF

de ™ if x>0
fx\x)= | 3
X( ) 0, otherwise.

« where A is a positive parameter. Let ¥ = aX + b . Then,

(1 . _a(-b)a

e MV Cif (y—b)/aZO,
fr(v)=+ ‘a‘

0, otherwise.

Note that if « >0andb=0, then Y is a exponential with parameter %
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lllustrative Examples (2/2)

« Example 4.5. A linear function of a normal random
variable is normal.

— Suppose that X is a normal random variable with mean u
and variance o2,

ey
fX(x)zﬂGe 20° o< x< o

— Andlet Y =aX +b ,where a and p are some scalars. We
have 1 —b
fY(y):_fX(—y j
4| a

[y—b_ﬂjz ~. Y is also a normal random variable
B 1 1 _azaz with mean au + b and variance a’c?
o[ V2ro
1 _(y—(b;au;))2

= e , <
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Monotonic Functions of a Random Variable (1/4)

 Let X be a continuous random variable and have values
In a certain interval / (fX(X)= 0 forxegl).While
random variable Y = g(X) and we assume that g Is
strictly monotonic over the interval 7 . That is, either

(1) g(x)< g(x') forall x,x" e[, satisfying x<x'
(monotonically increasing case), or

2 g(x)>g(x') foral x,x" el satisfying x<x'
(monotonically decreasing case)

40r

351

a0f Y =2X+3 |
2l l°: Y =-2X +3

>20+
151
10+

5,

O I I 1 _20 N N X X X
0 5 10 15 0 2 4 6 8 10

Probability-Berlin Chen 9



Monotonic Functions of a Random Variable (2/4)

e Suppose that g is monotonic and that for some function
h and all x intherange [/ of X we have

y =g(x)

— For example,

y=glx)=

if and only if x = 2(y)

ax + b

—

—

—b
x=h00=ya
In
x=h(Y):7y
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Monotonic Functions of a Random Variable (3/4)

dh(y)
— Assume that /1 has first derivative dy - Then the PDF

of Y inthe region where fY(y)>O IS given by

fY(y): fX(h(Y))(—

» For the monotonically increasing case

Fy(y)=P(g(x)<y)=P(X <h(y))= Fx(r(y))

A

_dFy(y)
= fy(y)= dyy
_dFy(h(y)) _ dFy(n(y)) dh(y)
______ dy ____dnly)  dy .
) ) SR

Event {X < h(Y)}

______________________
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Monotonic Functions of a Random Variable (4/4)

* For the monotonically decreasing case

Fy(y)=P(g(X)<y)=P(X > h(y))=1-Fy (h(y))

dFY()’)
:>fY(y)— dy
__dFy(h(y)) _ dFy(h(y)) dh(y)
______________________ dh(y)  dy
dh(y)
o dy
df;(y) X

hy) - X

Event {X >h(Y)}
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lllustrative Examples (1/5)

« Example 4.6. Let Y = g(X): X? ,where X isa
continuous uniform random variable in the interval (0, 1].
— What is the PDF of V ?
o Within this interval, & is strictly monotonic, and its inverse

s h(y)=A/y

We have

fy(x)=1 forall 0<x<1

and g (X )being strictly increasing
—

fX(\/;):]-, forall 0 < y<1

1 :
o fr ()= dhdﬁy)fX (ﬁ): 2.0y if ye(0,1]

0, otherwise

N
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lllustrative Examples (2/5)

« Example 4.7. Let X and Y be independent random
variables that are uniformly distributed on the interval [0,
1], respectively. What is the PDF of the random variable

Z = max{X,Y}

F,(z)=P(max {X,Y }< z)
:P(XSZ,YSZ)
:P(XSZ)P(YSZ)

2
= Z

Ly (z)={

27, If 0<z<1
0, otherwise
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Question

« Let X and Y be independent random variables that are
uniformly distributed on the interval [0, 1], respectively.
What is the PDF of the random variable Z = min {X, Y}
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lllustrative Examples (3/5)

« Example 4.8. Let X and Y be independent random
variables that are uniformly distributed on the interval [0,
1]. What is the PDF of the random variable Z =Y / X

'+ X,Y areindependent

fX,Y(x’y):fX(x) Y(y

forallx,y, 0<x,y<1

F,(z)=P(Y /X < z)
(2/2,

Il
.

0,

\

)=1

If 0<z<1

1-(1/2z), ifz>1

otherwise

Yy A

1 Slope z 1 Z /
\ z/ Slope|z
AN
0 1 X= 0 1 x
(1/2, if 0<z<1
|:> fZ(Z)=<1/(222), if z>1
0, otherwise
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lllustrative Examples (4/5)

 Extra Example. Let X and Y be independent random
variables that are uniformly distributed on the interval [0,
1], respectively. What is the PDF of the random variable

7 =XY "
=Z = Z=XY
for 0<z<1 ' ’ = for 0 < z <1,
FZ(Z)zP(XY SZ) fZ(Z):_InZ

rz el

P
= | e (x, y )dydx +L JOX fyy(x,y)dvdx For example,

F,(1/8)= P(XxY <1/8)
1 1,1 1 3

X =——=In===+—-In2
1 8 8 8 8 8

ePZ M

J0O JO
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lllustrative Examples (5/5)

« Example 4.9. Let X and Y be independent random
variables that are exponential distributed with parameter 1 .
What isythe PDF of the random variable Z = X - Y

for z>0 for
F,(z)=P(X -Y < z) r,
0 ey+z —
= fx (x,y)dxdy IR
Lw'[",” o = for z >0,
= IO Io} Ae ™ de M dxdy I

— (" ae | [ e ™ax dy
Jo 2,

_ J‘O“O de ™ (_ e—/ix‘())ﬂrz )dy =] .

= I: Ae Pdy — j: e le P dy - )

J
J
LE)=ze
J
J

N
Q
~
<
S
Q
N
n
—
L8
N
N
Q
N
~
<
S
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An Extra Example

e Let X and Y be independent random variables that are
uniformly distributed on the interval [0, 1], respectively.
What is the PDF of the random variable Z = max {2.X,Y }

Let X'=2X = X'isuniformly distributed on [0, 2]
with PDF £,.(x')= 1/

F,(z)= (( ax{2.x, Y}<)z) P(max{X",Y}<z)

=P(X'<z,Y<z \
_ ( < ) (YSZ) fz(z)

if0<z<1 .
= F(e)=Jz2= 17" 1/2

if1<z<2
= F(2)=Yz1=1 i z

z, 1f0<z<1 1 2

- % ifl1<z<?

0, otherwise
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Exercise

1. Let X and Y be independent random variables that are
uniformly distributed on the interval [0, 1]. What is the
PDF of the random variable Z = 2Xx/3Y

2. Let X and Y be independent random variables that are
uniformly distributed on the interval [0, 1]. What is the
PDF of the random variable Z =2X - 3Y
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Sums of Independent Random Variables (1/2)

We also can use the convolution method to obtain the
distribution of W=X+Y

— If x and Y are independent discrete random variables with
Integer values

pW(W):P(X+Y:W)={( )ELP:(X}:)C,Y:)/)

:ZP(X:x,Y=w—x)zzp(sz)P(Yzw—x)

= Z Dy (x)py(w—x)é (also equivalent to Y p (W—y)py(y)j
| y

Convolution of PMFs of X and v
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Sums of Independent Random Variables (2/2)

— If X and Y are independent continuous random variables,
the PDF f;(w) of W=X+Y can be obtained by

fW(W): Eooo fX(x) Y(W_x)dx Convolution of PMFs of x and y

L(also equivalentto [ fy(w—x)fy (y)dy)

Note that i“depem:_e”ce Applying the multiplication (chain) rule, we have
. i assumption
P <wx =x)=P(X+Y <wlx = x)E Firox (%)= f () i1 (nlx)
— P(x+ = w) ?
e jl> = fx (x)fy (w—x)
- FW|X (w‘x): Fy(W_X)

_ _ _ _ Finally,by marginalization, we can have
Differentiate the CDFs of both sides with respect to w

:>fW|X(W‘x):fY(W_x) fW(W)ZEOOOfW,X(W,X)dx

=[x (6)fy (w—x)dx
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lllustrative Examples (1/4)

« Example. Let X and Y be independent and have PMFs

given by 1/2, if y=0,
( ) 1/3, if x=1,2,3, () 41/3, if y=1

X)1= = .
Px 0, otherwise. priy 1/6, if y=2,

0,  otherwise.
— Calculate the PMF of W=X+Y by convolution.

We know that the range of possible value of I are integers from the range [1, 5]

pw W) =% py (x)pyA-x) pw(3)=Z px (x)py(3-x)
=py (l)pY (O) =Px (1)191/ (2)+ Px (2)]-71/ (1)+ Px (3)]-71/ (O)
—-1/3-1/2 =1/6 =1/3-1/6 +1/3-1/3 +1/3-1/2

=1/18 +1/9+1/6 =1/3

pW(2)2§pX(X)pY(2_X) pW(4):§pX(x)pY(4_x)

Pw (5): %PX (X)PY(5_ x)

=Px (1)1?)/ (1)"‘ Px (Z)PY (O) =Px (3)PY (2)
~1/3-1/3+1/3-1/2 = px()py(2)+ px (3)py ) ~1/3-1/6
_1/9 +1/6 = 5/18 =1/3-1/6 +1/3-1/3 ~1/18

=1/18 +1/9 =1/6
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lllustrative Examples (2/4)

« Example 4.10. The random variables x and Y are

iIndependent and uniformly distributed in the interval
[0, 1]. The PDF of W=X+Y s

S W)=[7, fx (O)fy(w—1)dt

We know that the range of possible value of I are in the range [0, 2]

(ijw=0 (ii)0o<w<1 (iiijw=1 (iv)l<w<2
OR, fx(0) 4 ) 4 £0) 4
1 —E 117 i 1 7 1 7
3 /Ry .
1t 1 ¢ 1 ¢ 1 t
fyr(=1) 4 fy(w—t) 4 fy@-1) 4 fy@-t) 4
1 T 7 Y/
e e 1
-1 { w— w t w=1 t w-1 1 t

Fw )=y (1)t =0 frr(wW)= 1 @)y (w=t)dt=w  fir @)=L Oy Q=t)dr =1 fi(w)= 1 S (O)fy Q-)dt =2-w
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lllustrative Examples (3/4)

(iv)w: |
fr(t) 4 JyAw)
: A
> 1
] t
fY(]_—t) A
2 w
1 w=2 =t
fW(W)_Iile(f) y(—t)dt =0
(W, iIf 0<w<1
fW(W)=< 2—w, If 1<w<?2
0, otherwise
(min{l, wi-maxj0,w-1}, 0<w<2 _
oras f(w)=+ L) { ! v _ shownin textbook
0, otherwise
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lllustrative Examples (4/4)

— Or, we can use the “Derived Distribution” method previously
Introduced y 4

1
Since X and Y are indepent random varibles uniformly distribute d in [0, 1],

y)=1
we have their joint PDF fyy (xy)= fx(x)fy (¥)=1, for0<xy <1 oy (57)
1 x
(i)o<ws1 (i)1<w<2
y 4 y 4 B
X+y=w 4 Vl"\Xer_W w, if 0<w<1
AN / s fr(w)=42—w, if 1<Sw<2
w %\ /// Kl 0, otherwise
W\l ;C 1 w\;
Fy (w)=P (# <w)=P (X +7 <w) Fy(w)=P (W <w)=P (X +¥ <w)
o 1oLy
= S (w)=w = Sy (w)=2-w

Probability-Berlin Chen 27



Graphical Calculation of Convolutions

 Figure 4.10. lllustration of the convolution calculation.
For the value of W under consideration, f;(w) is equal
to the integral of the function shown in the last plot.

| fxm Af}”\

e 1 ¥
( w>0: shifted right 4 /y{w=1) Shifted by w W=t Flipped around the origin
w<O0: shifted left ) /\ /\
w-d T T -d s ;I

A flw=1) fy(t)
/\ Calculate the product of two plots
Q b .—;
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Recitation

e SECTION 4.1 Derived Distributions
— Problems 1, 4, 8, 11, 14
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