4.7
Row Space, Column Space,

and Null Space




Row Space and Column Space

Definition
o If Ais an mxn matrix, then the subspace of R" spanned by
the row vectors of A is called the row space (¥1]22f&) of A,

and the subspace of R™ spanned by the column vectors is
called the column space (f7254]) of A.

o The solution space of the homogeneous system of equation

Ax = 0, which 1s a subspace of R", is called the null space (
TIZZEH]) of A.




Remarks

In this section we will be concerned with two
guestions

o What relationships exist between the solutions of a linear
system Ax=b and the row space, column space, and null
space of A.

o What relationships exist among the row space, column
space, and null space of a matrix.



‘ Remarks

= It follows from Formula (10) of Section 1.3

ai; aip -+ Aaip X1
as1 Q22 --° A9 X9
A= | 7 . T =
_aml Am2 - amn_ _an_

Ax = 11 + x99+ - -+ x,,, = b
= We conclude that Ax=Db is consistent if and only if b is
expressible as a linear combination of the column

vectors of A or, equivalently, if and only if b is in the
column space of A.




Theorem 4.7.1

Theorem 4.7.1

o A system of linear equations Ax = b Is consistent If
and only if b is in the column space of A.



Example

-1 3 2|[x 1
Let AX = b be the linear system |1 2 -3|/x,|=|-9
2 1 2||x%]| |-3
Show that b is in the column space of A, and express b as a linear
combination of the column vectors of A.

Solution:
o Solving the system by Gaussian elimination yields
X, =2,X%=-1,%X;=3
o Since the system is consistent, b is in the column space of A.

o Moreover, it follows that [-1] [3 2 1
211 |—-|2|+3/-3|=|-9
1 -2 -3




General and Particular Solutions

Theorem 4.7.2

o If X, denotes any single solution of a consistent linear
system Ax = b, and if v, v,, ..., v, form a basis for the null
space of A, (that is, the solution space of the homogeneous
system Ax = 0), then every solution of AX = b can be
expressed Iin the form

Conversely, for all choices of scalars c,, c,, ..., C,, the
vector x in this formula is a solution of Ax = b.




Proof of Theorem 4.7.2

Assume that x, Is any fixed solution of Ax=b and that x Is
an arbitrary solution. Then Ax, = b and Ax = Db.

Subtracting these equations yields

AX—AX,=0 or A(x-X;)=0
Which shows that x-x, Is a solution of the homogeneous
system Ax = 0.

Since v,, V,, ..., V, IS a basis for the solution space of this
system, we can express X-X, as a linear combination of
these vectors, say X-X, = C,;V;+C,V,+...+CV,. Thus,
X=Xy+C,V;+CoV,+. .. FCV,.



Proof of Theorem 4.7.2

Conversely, for all choices of the scalars c,,c,,...,c,, we
have

AX = A(Xg+C V{HC V... 4C V)
AX = AX, + ¢{(Av,) + C,(Av,) + ... + C (Av,)
But X, Is a solution of the nonhomogeneous system, and
Vi, Vs, ..., V, are solutions of the homogeneous system, so
the last equation implies that
Ax=b+0+0+...+0=D

Which shows that x Is a solution of Ax = b.



Remark

Remark

Q

The vector X, is called a particular solution (45#i#) of Ax =
b.

The expression x,+ c,v, + - - - + ¢, v, Is called the general
solution (zE###) of AX = b, the expression c,v, + - - - + ¢V,
IS called the general solution of Ax = 0.

The general solution of Ax = b is the sum of any particular
solution of Ax = b and the general solution of Ax = 0.
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Example (General Solution of AX = b)

I xr
. —= A
The solution to the . o
nonhomogeneous system % | [8r—ds—2t] )0 N
g y X, r 0 1 0 0
X ~2s 0 0 -2| |0
5x, + 10x,  +15%; =5 Xs t 1
2%, + 5%, + 8x, + 4%s + 18X, = 6 %] L us ] u8] [0 (0] LO]
IS which is the general solution.
The vector X, is a particular
X =-3r-4s-2L % =T, solution of nonhomogeneous
X3 = -2S, X, =S, — )
Xe = t, Xg = 1/3 system, and the linear

combination x is the general
solution of the homogeneous

The result can be written in vector
system.

form as

11



Elementary Row Operation

Performing an elementary row operation on an
augmented matrix does not change the solution set of the
corresponding linear system.

It follows that applying an elementary row operation to a
matrix A does not change the solution set of the
corresponding linear system Ax=0, or stated another way,
It does not change the null space of A.

The solution space of the homogeneous system of equation Ax = 0, which is a
subspace of R", is called the null space of A.

12



Example

(2 2 -1 0 1]
-1 -1 2 31
1 1 -2 0 -1
0 0 1 1 1

Find a basis for the nullspace of A=

Solution

o The nullspace of A is the solution space of the homogeneous system
2X; + 2X, —  Xg +X;=0
Xy —Xp —2X3 —3%X;+X =0
X, X, —2Xg —Xs =0

Xg + X, + X =0
o In Example 10 of Section 4.5 we showed that the vectors

-1 -1
1 0
v,=/0| and v,=| -1
0 0
_0_ _1_

form a basis for the nullspace.

13



Theorems 4.7.3 and 4.7.4

Theorem 4.7.3

o Elementary row operations do not change the nullspace of a
matrix.

Theorem 4.7.4

o Elementary row operations do not change the row space of a
matrix.

14



Proof of Theorem 4.7.4

Suppose that the row vectors of a matrix A are r,r,,...,r,,
and let B be obtained from A by performing an
elementary row operation. (We say that A and B are row
equivalent.)

We shall show that every vector in the row space of B is
also in that of A, and that every vector in the row space of
A 1s In that of B.

If the row operation is a row interchange, then B and A
have the same row vectors and consequently have the
same row space.

15



Proof of Theorem 4.7.4

If the row operation is multiplication of a row by a
nonzero scalar or a multiple of one row to another, then
the row vector r;’,r,’,...,r > of B are linear combination
of r,,r,,...,r; thus they lie in the row space of A.

Since a vector space Is closed under addition and scalar
multiplication, all linear combination of r;’,r,’,...,r.° will
also lie in the row space of A. Therefore, each vector Iin
the row space of B is In the row space of A.

16



Proof of Theorem 4.7.4

Since B is obtained from A by performing a row
operation, A can be obtained from B by performing the
Inverse operation (Sec. 1.5).

Thus the argument above shows that the row space of A is
contained in the row space of B.

17



Remarks

Do elementary row operations change the column space?
o Yes!

The second column is a scalar multiple of the first, so the
column space of A consists of all scalar multiplies of the

first column vector.

A:FS

5oy
Add -2 times the first

row to the second

Again, the second column is a scalar multiple of the first,
so the column space of B consists of all scalar multiples
of the first column vector. This is not the same as the
column space of A.

20
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Theorem 4.7.5

Theorem 4.7.5

o If a matrix R Is in row echelon form, then the row
vectors with the leading 1’s (1.e., the nonzero row
vectors) form a basis for the row space of R, and
the column vectors with the leading 1’s of the row
vectors form a basis for the column space of R.

19



Bases for Row and Column Spaces

The matrix
(1 -2 5 0 3]
R _ O 1 3 0 O
O 0O O 1 O
0 0 0 O 0]
IS in row-echelon form. From Theorem 5.5.6 the vectors
r=[1-2503]
r,=[01300]
r,=[00010]
form a basis for the row space of R, and the vectors
(1] [ 2| (0|
o) 1 o)
Cl:o’ C, = 0 ,c4:1
o) 0 | 0]

form a basis for the column space of R.



Example

Find bases for the row and column spaces of
(1 -3 4 -2 5 4]
2 -6 9 -1 8 2
2 -6 9 -1 9 7
Solution: -1 3 4 2 -5 4]

o Since elementary row operations do not change the row space of a
matrix, we can find a basis for the row space of A by finding a basis that
of any row-echelon form of A.

o Reducing A to row-echelon form we obtain

(1 3 4 2 5 4]
o |00 1 3 -2 -6
0000 1 5
0 0 00 0 0]
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1 (1 3 4 -2 5 4] 1 -3 4 -2 5 4]
EXamP C A 2 6 9 -1 8 2 . 0 0 1 3 -2 -6
12 6 9 -1 9 7 10 0 0O 0 1 5
-1 3 4 2 -5 -4 0000 0 O

The basis vectors for the row space of R and A
r,=[1-34-254]
r,=[0013-2-6]
r,=[000015]
Keeping in mind that A and R may have different column
spaces, we cannot find a basis for the column space of A
directly from the column vectors of R.




Theorem 4.7.6

Theorem 4.7.6

o If A and B are row equivalent matrices, then:

A given set of column vectors of A is linearly
Independent if and only if the corresponding column
vectors of B are linearly independent.

A given set of column vectors of A forms a basis for the
column space of A if and only if the corresponding
column vectors of B form a basis for the column space of
B.
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l_ (1 3 4 -2 5 4] 1 -3 4 -2 5 4]
EXaInp C A 2 6 9 -1 8 2 . 0 0 1 3 -2 -6
12 6 9 -1 9 7 10 0 0O 0 1 5
-1 3 4 2 -5 -4 0 0 0 0 0 O

We can find the basis for the column space of R, then the
corresponding column vectors of A will form a basis for the
column space of A.

Basis for R’s column space

1 4 5

0 1 —2
c = 0 cy = 0 cr = |

_0_ _0_ i 0 |

Basis for A’s column space

1 4 5
2 9 8
STl BT g ST g
1] |-4] |5
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Example (Basis for a Vector Space
Using Row Operations )

Find a basis for the space spanned by the row vectors
vi=(1,-2,0,0,3),v,=(2, -5, -3, -2, 6),
v;= (0, 5,15, 10, 0), v, = (2, 6, 18, 8, 6).

Except for a variation in notation, the space spanned by these
vectors is the row space of the matrix

(1 -2 0 0 3] 1 -2 0 0 3
2 -5 -3 -2 6 0 1 3 20
0 5 15 10 O :00110
2 6 18 8 6| 0 0 0 0 O]

2 The nonzero row vectors in this matrix are
w,=(1,-2,0,0,3),w,=(0,1,3,2,0),w;=(0,0,1,1,0)

o These vectors form a basis for the row space and consequently form a
basis for the subspace of R spanned by v,, v,, V5, and v,,.

25



Remarks

Keeping in mind that A and R may have different column spaces, we
cannot find a basis for the column space of A directly from the
column vectors of R.

However, If we can find a set of column vectors of R that forms a

basis for the column space of R, then the corresponding column
vectors of A will form a basis for the column space of A.

The basis vectors obtained for the column space of A consisted
of column vectors of A, but the basis vectors obtained for the
row space of A were not all vectors of A.

Transpose of the matrix can be used to solve this problem.

26



Example (Basis for the Row Space of a
Matrix )

Find a basis for the row space of
(1 -2 0
2 -5
0O 5 15 10 O

2 6 18 8 6
consisting entirely of row vectors

A=

-3

0 3]
-2 6

from A.
Solution:
(1 2 0 2]
2 5 5 6
=/ 0 -3 15 18
0 -2 10 8

3 6 0 6

O O o o k-

O O O P, DN

o O O o1 O

a

The column space of AT are

1 2 2
—2 -5 6

O|,c,=|-3|,andc, =|18

0 —2 8
| 3 | 6 | 6

Thus, the basis vectors for the row
space of A are

r,=[1-2003]
r,=[2-5-3-26]
r,=[26188 6]

27



Example (Basis and Linear Combinations)

(a) Find a subset of the vectorsv, = (1, -2,0 ) V,= (2, -5, -3, 6), Vg
=(0,1,30),v,=(2,-1, 4, -7), v5 (5,-8,1,2)t hatformsaba3|s
for the space spanned by these vectors.

(b) Express each vector not in the basis as a linear combination of
the basis vectors.

Solution (a): ) )
1 2 0 2 5 1 0 2 01
-2 -5 1 -1 -8 01 -101
O -3 3 4 1 :> 0 0 0 11
3 6 0 -7 2 00 0 0 0
DN N N N (O N
V, V, V; V, V. W, W, W, W, W,

a Thus, {v,, v,, v,} is a basis for the column space of the matrix.

28



Example

Solution (b):

o We can express Wy as a linear combination of w, and w,, express
w; as a linear combination of w,, w,, and w, (Why?). By
Inspection, these linear combination are

W, = 2W; — W,
We =W, + W, + W,
o We call these the dependency equations. The corresponding
relationships in the original vectors are
V3= 2V, —V,
Ve=V;+V,+V,

29



4.8
Rank, Nullity, and the
Fundamental Matrix Spaces




Dimension and Rank

Theorem 4.8.1

o If Ais any matrix, then the row space and column space of A
have the same dimension.

Proof: Let R be any row-echelon form of A. It follows from
Theorem 4.7.4 and 4.7.6b that

dim(row space of A) = dim(row space of R).
dim(column space of A) = dim(column space of R)

The dimension of the row space of R is the number of nonzero
rows = number of leading 1’s = dimension of the column
space of R

31



Rank and Nullity

Definition
o The common dimension of the row and column space of a matrix
A is called the rank (%) of A and is denoted by rank(A); the

dimension of the nullspace of a is called the nullity (ZEfZ4£%))
of A and is denoted by nullity(A).

32



Example (Rank and Nullity)

Find the rank and nullity of the matrix

(-1 2 0 4 5 -3
3 72 0 1 4
2 52 4 6 1
4 -9 2 -4 -4 7

A=

Solution:

o The reduced row-echelon form of A is

(1 0 -4 -28 -37 13]
01 -2 -12 -16 5
0 0 O 0 0O O
00 0 0 0 O

o Since there are two nonzero rows (two leading 1°s), the row space and
column space are both two-dimensional, so rank(A) = 2.




Example (Rank and Nullity)

Q

To find the nullity of A, we must find the dimension of the
solution space of the linear system Ax=0.

The corresponding system of equations will be
Xq— 4Xq— 28X, — 37X+ 13X;=0
Xo— 2X3— 12X, — 16 Xc+ 5 Xz =0
It follows that the general solution of the system is
X;=4r+28s + 37t —13u, X, = 2r + 12s + 16t — 5u,
Xg= I, X;=S, Xs =1, Xg= U
or

x| [4] [28] [37] [-13]

X, 2| |12| |16 -5

R T R A T Thus, nullity(A) = 4.
X, 0 1 0 0

X 0 0 1 0

x| 0] |o] [o] | 1]
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Example

What Is the maximum possible rank of an m x n matrix A that
IS not square?

Solution: The row space of A is at most n-dimensional and the
column space is at most m-dimensional. Since the rank of A is
the common dimension of its row and column space, it follows
that the rank is at most the smaller of m and n.

rank(A) < min(m,n)

35



Theorem 4.8.2

Theorem 4.8.2 (Dimension Theorem for Matrices)
a If Ais a matrix with n columns, then rank(A) + nullity(A) = n.

Proof:

Since A has n columns, Ax = 0 has n unknowns. These

fall into two categories: the leading variab

variables. number of N number of |
leading variables free variables|

es and the free

— N

The number of leading 1’s in the reduced row-echelon

form of A is the rank of A
rank(A) + [

free variables

number of ]
=n

36



Theorem 4.8.2

The number of free variables is equal to the nullity of A.
This i1s so because the nullity of A is the dimension of the
solution space of Ax=0, which Is the same as the number
of parameters in the general solution, which is the same
as the number of free variables. Thus

rank(A) + nullity(A) =n

37



Example

This matrix has 6 columns, so rank(A) + nullity(A) = 6

1 2
3 -7
2 -5
4 -9

0
2
2
2

4 5 -3
0 1 4
4 6 1

4 -4 7

In previous example, we know rank(A) = 4 and nullity(A)

=2

38



Theorem 4.8.3

Theorem 4.8.3

o If A'is an mxn matrix, then:
rank(A) = Number of leading variables in the solution of Ax = 0.
nullity(A) = Number of parameters in the general solution of Ax = 0.

39



Example

Find the number of parameters in the general solution of
Ax =0 1f Ais a 5x7 matrix of rank 3.

Solution:
o nullity(A) =n—rank(A)=7-3=4
o Thus, there are four parameters.

40



‘ Theorem 4.8.4 (Equivalent
Statements)

m If A is an nxn matrix, and if T, : R"— R" is multiplication by A, then the following are

equivalent:
o Alsinvertible.
o Ax =0 has only the trivial solution.
o The reduced row-echelon form of Ais I,
o Alsexpressible as a product of elementary matrices.
o Ax = b is consistent for every nx1 matrix b.
o Ax = b has exactly one solution for every nx1 matrix b.
o det(A)#0.
o The column vectors of A are linearly independent.
o The row vectors of A are linearly independent.
o The column vectors of A span R",
o The row vectors of A span R".
o The column vectors of A form a basis for R".
o The row vectors of A form a basis for R".
o Ahasrankn.
o Ahas nullity 0.

41



Overdetermined System

A linear system with more equations than unknowns is called
an overdetermined linear system (& €474 FE4H). With
fewer unknowns than equations, it’s called an
underdetermined system.

Theorem 4.8.5

o If AX = Db is a consistent linear system of m equations in n unknowns,

and if A has rank r, then the general solution of the system contains n —r
parameters.

If Aisab x 7matrix with rank 4, and if Ax=Db Is a consistent

linear system, then the general solution of the system contains
7-4=3 parameters.
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Theorem 4.8.6

Let A be an m x n matrix

(a) (Overdetemined Case) If m> n, then the linear system
Ax=Db 1s Inconsistent for at least one vector b in R".

(b) (Underdetermined Case) If m < n, then for each vector b in
R™ the linear system AX=D is either inconsistent or has
Infinitely many solutions.
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Proot of Theorem 4.8.6 (a)

Assume that m>n, in which case the column vectors of A
cannot span R™ (fewer vectors than the dimension of R™).
Thus, there Is at least one vector b in R™ that i1s not In the
column space of A, and for that b the system Ax=Db is
Inconsistent by Theorem 4.7.1.
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Proot of Theorem 4.8.6 (b)

Assume that m<n. For each vector b in R" there are two
possibilities: either the system Ax=Db Is consistent or it IS
Inconsistent.

If it IS Inconsistent, then the proof is complete.

If it Is consistent, then Theorem 4.8.5 implies that the
general solution has n-r parameters, where r=rank(A).

But rank(A) is the smallerof mand n, son-r=n-m>0

This means that the general solution has at least one
parameter and hence there are infinitely many solutions.
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Example

What can you say about the solutions of an overdetermined
system Ax=Db of 7 equations in 5 unknowns in which A has
rank = 47

What can you say about the solutions of an underdetermined
system Ax=Db of 5 equations in 7 unknowns in which A has
rank = 47

Solution:

o (@) the system is consistent for some vector b in R, and for any such b
the number of parameters in the general solution is n-r=5-4=1

o (b) the system may be consistent or inconsistent, but if it is consistent
for the vector b in R, then the general solution has n-r=7-4=3
parameters.
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Example
X, —2X, =D
X, — X, =Dh,
The linear system x + x, =b,
X, +2X, =D,
X, +3X, =h,
IS overdetermined, so it cannot be consistent for all
possible values of b,, b,, bs, b,, and b.. Exact conditions
under which the system is consistent can be obtained by
solving the linear system by Gauss-Jordan elimination.
(1 0  2b,-b ]
1 b, —Db,
0 b,—3b,+2b
0 b,—4b,+3b
0 b,—5b,+4b, |

T
o O o O
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Example

Thus, the system is consistent if and only if by, b,, b,, b,,
and b, satisfy the conditions

2b, —3b, +b, =0
2b —4b,  +D, =0
4h, —5h, +h,=0

or, on solving this homogeneous linear system, b,=5r-4s,
b,=4r-3s, b,=2r-s, b,=r, b:.=s where r and s are arbitrary.
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Fundamental Spaces of a Matrix

SiX Important vector spaces associated with a matrix A
Row space of A, row space of AT

Column space of A, column space of AT

Null space of A, null space of AT

Transposing a matrix converts row vectors into column
vectors

o Row space of AT = column space of A

o Column space of AT = row space of A

These are called the fundamental spaces of a matrix A

49



Theorem 4.8.7

If A is any matrix, then rank(A) = rank(AT)

Proof:

o Rank(A) = dim(row space of A) = dim(column space of AT) =
rank(AT)

If A Is anm x » matrix, then rank(A)+nullity(A)=n.
rank(AT)+nullity(AT) = m
The dimensions of fundamental spaces

Fundamental Space Dimension

Row space of A r

Column space of A

r
Nullspace of A n—r
Nullspace of AT m
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Recap

Theorem 3.4.3: If A is an m x n matrix, then the solution
set of the homogeneous linear system Ax=0 consists of all
vectors in R" that are orthogonal to every row vector of A.

The null space of A consists of those vectors that are
orthogonal to each of the row vectors of A.
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‘ Orthogonality

= Definition

o Let W be a subspace of R, the
are orthogonal to every vector
complement (1EAZfEx) of W,

o If Vis a plane through the orig

set of all vectors in R" that
in W is called the orthogonal
and is denoted by W+

in of R3 with Euclidean inner

product, then the set of all vectors that are orthogonal to
every vector in V forms the line L through the origin that

IS perpendicular to V.

pa—

Ay
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Theorem 4.8.8

Theorem 4.8.8

If W is a subspace of a finite-dimensional space R", then:
W- is a subspace of R". (read “W perp”)
The only vector common to W and W+ is 0; that is ,W » W+ = 0.
The orthogonal complement of Wt is W; that is , (W+)*- = W.
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‘ Example

= Orthogonal complements

y
WL

pa—
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Theorem 4.8.9

Theorem 4.8.9

o If A 1s an mxn matrix, then:

The null space of A and the row space of A are
orthogonal complements in R".

The null space of AT and the column space of A are

orthogonal complements in R™.
Az Az




Theorem 4.8.10 (Equivalent
Statements)

If A is an mxn matrix, and if T, : R"— R" is multiplication by A, then the following are
equivalent:

A is invertible.

Ax = 0 has only the trivial solution.

The reduced row-echelon form of Ais |,..

A is expressible as a product of elementary matrices.

Ax = b is consistent for every nx1 matrix b.

Ax = b has exactly one solution for every nx1 matrix b.

det(A)#0.

The column vectors of A are linearly independent.

The row vectors of A are linearly independent.

The column vectors of A span R".

The row vectors of A span R".

The column vectors of A form a basis for R",

The row vectors of A form a basis for R".

A has rank n.

A has nullity 0.

The orthogonal complement of the nullspace of A is R".

The orthogonal complement of the row space of A is {0}.

0O 000000000 00D 0D D0 OO DO

56



Applications of Rank

Digital data are commonly stored in matrix form.

Rank plays a role because it measures the “redundancy”
In a matrix.
If A'Is an m x n matrix of rank k, then n-k of the column

vectors and m-k of the row vectors can be expressed in
terms of k linearly independently column or row vectors.

The essential idea in many data compression schemes is
to approximate the original data set by a data set with
smaller rank that conveys nearly the same information.
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4.9

Matrix Transformations from R”
to R”




Functions from R" to R u—a

b =f(a)
EFRH A e B

A function is a rule f that associates with each element In
a set A one and only one element in a set B.

If f associates the element a with the element b, then we
write b = f(a) and say that b is the image of a under f or
that f(a) Is the value of f at a.

The set A is called the domain (' #15) of f and the set B
IS called the codomain (3}jfE1sL) of f.

The subset of the codomain B consisting of all possible
values for f as a varies over A is called the range ({E35)
of f.
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Examples

Formula Example Classification Description
Real-valued function of a | Function from
f (x) f (X) _ X2 real variable Rto R

Real-valued function of | Function from

5 , | two real variables R2to R

f(x,y) F(xy)=x"+y

_ o2 | Real-valued function of | Function from

f (X Z) F(x,y,2)=x three real variables R3to R

' y; 4 y2 4 Z2
f (X X X ) _ | Real-valued function of | Function from
11 /M1 - ;
f (Xl’ X, penny Xn) f n real variables R"to R

2 2 2
X, + Xy + ot X
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Function from R" to RM

Suppose f;, f,, ..., f,, are real-valued functions of n
real variables, say

w, = (X, X, ..., X))
W, = f5(X{,X,, ..., X))

W = f (X, X, ..., X))
These m equations assign a unigue point
(Wy,W,,...,w,) INn R™to each point (x,X,,...,x,) In R
ané] thus define a transformation from R to R™, If we
denote this transformation by T: R"— R™ then

T (X,Xo, .0 Xp) = (Wg,Wo, ..., W)
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‘ Function from R" to RM

= If m = n the transformation T: R"— R™ is called an
operator (ZE.F) on R™,
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Example: A Transformation from R*
to R3

Wy =T+ I9
Wy = 371X

w3 = 1% — T35

Define a transform T; R¢? — R3

With this transformation, the image of the point (x,, X,) IS

T(x1,x2) = (1 + 22, 37129, f% — 33%)

Thus, for example, T(1,-2) = (-1, -6, -3)
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‘ Linear Transformations from R" to RM

= A linear transformation (or a linear operator if m=n) T: R® > R™is

defined by equations of the form

W, = X + X, +.+ a4y X, W,
W2 = 321X1 + 8.22X2 +...+ aZan or W2
W o=a_ X +a.,X +..+a X W,

or
w = AX

Ay yp o
Adyy Ay o

a a

mn mn

A3
a'23

mn

= The matrix A = [a;] Is called the standard matrix for the linear

transformation T, and T is called multiplication by A.
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Example (Transtormation and Linear

Transformation)

The linear transformation T : R* — R3 defined by the equations

Wy = 2X; — 3X, + X3 — DX,

W, = 4X; + X, — 2X3 + X4
W3 = 9Xq — X, + 4Xg3

the standard matrix for T (i.e., w = AX) IS A=

Wy 2 -3 1 -5
wy| =14 1 =2 1
ws. 5 -1 4 0

(2 -3 1
4 1 -2
5 -1 4

_5]
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Notations

Notations:

o If it Is iImportant to emphasize that A is the standard
matrix for T, we denote the linear transformation T:
R"—>RM™pby T,: R"—>R™. Thus,

TA(X) = AX

2 We can also denote the standard matrix for T by the

symbol [T], or
T(X) =[T]x
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Theorem 4.9.1

For every matrix A the matrix transformation T,:R" — R™
has the following properties for all vectors u and v in R"
and for every scalar k

0 (@) T,(0)=0

a (b) Ta(ku) = KT ,(u) [Homogeneity property]

o Ta(u+v) =T,(u) + To(v) [Additivity property]

0 Ta(u-v) = Ta(u) — Ta(v)

Proof: A0 =0, A(ku) = k(Au), A(u+v) = Au + Av, A(u-
V)=Au-Av
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Remark

A matrix transformation maps linear combinations of vectors

In R" into the corresponding linear combinations in R™ in the
sense that

Ta(kquytkoUyt. . +Kup) = Ky Ta(Uy)+Ko Ta(Up) .. 4K Ta(Uy)
Depending on whether n-tuples and m-tuples are regarded as

vectors or points, the geometric effect of a matrix

transformation T,:R"— R™ is to map each vector (point) in R"
Into a vector in R™
R Rm
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Theorem 4.9.2

If T,;R" — R™and Tg: R" — R™ are matrix
transformations, and if T,(x) = Tgz(X) for every vector X In
R", then A=B.

Proof:

o Tosay that T,(x) = Tg(Xx) for every vector x in R" is the same as
saying that Ax = Bx for every vector x in R".

o This is true, in particular, if x is any of the standard basis vectors
€16y, ...,6, for R"; that is Ae; = Be; (j=1,2,...,n)

o Since every entry of e; is 0 except for the jth, which is 1, it
follows from Theorem 1.3.1 that Ae; Is the jth column of A, and
Be; Is the jth column of B. Therefore, A =B.
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/.ero Transformation

Zero Transformation from R" to R™

a If 0 1s the mxn zero matrix and O Is the zero vector
In R", then for every vector x in R"

To(X) =0x=0
o So multiplication by zero maps every vector in R"

Into the zero vector in R™. We call T, the zero
transformation from R" to R™.
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Identity Operator

Identity Operator on R"
o If 1 1s the nxn identity, then for every vector X in R"
T,(X) =Ix=xX
o So multiplication by | maps every vector in R" into
itself.

o We call T, the identity operator on R™.
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A Procedure for Finding Standard

Matrices

To find the standard matrix A for a matrix transformations
from R" to R™:

e.,e,, ..., &, are the standard basis vectors for R".

Suppose that the images of these vectors under the
transformation T, are

Ta(e)=Aey, Ta(er)=Ae,, ..., Ta(e,) = Ae,
Aeg; Is Just the jth column of the matrix A, Thus,
A=[T]=1[T(e) | T(ey) | ... [ T(e,)]
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Retlection Operators

In general, operators on R? and R3 that map each
vector into its symmetric image about some line or
plane are called reflection ({2]z2) operators.

Such operators are linear.
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Example

If we let w=T(X), then the equations relating the
components of x and w are

Wy =-X=-Xx+ 0y

w,=y=0x+Yy
or, In matrix form (X, V)

=10

(X, y)

WM

The standard matrix for T 1s [_01 ?]
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‘ Retlection Operators (2-Space)

the line y = x

Standard

Operator IHlustration Equations Matrix
Reflection about w; = —Xx —1 0O
the y-axis Wwr= 'y 0 1
Reflection about Y o) wp= X 1 0
the x-axis x Wy = —y 0 -1

{ X i

: -
Reflection about w =y
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‘Reflection Operators (3-Space)

Standard

Operator INustration Equations Matrix
Reflection about w; = X 1 O O
the xy-plane Wy = vy 0 1 0

W3 = —Z (0] (0] —1
Reflection about w, = Xx 1 O 0
the xz-plane Wy = —y 0 =7 0

W3 = Z O (0) 1
Reflection about W, =—x —1 O O
the yz-plane Wy =y (0] 1 O

W3 = < (0] 0) 1

76



Projection Operators

In general, a projection operator (or more precisely an
orthogonal projection operator) on R? or R3 is any
operator that maps each vector into its orthogonal
projection on a line or plane through the origin.

The projection operators are linear.
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Example

Consider the operator T: R> — R? that maps each vector
Into its orthogonal projection on the x-axis. The equations
relating the components of x and w=T(x) are

W, =X =X+ 0y

w, =0 =0x+ Oy
or, in matrix form

wy| 10 -QZ' (X, y)

w9 - 0 0 _y
1 0] >
>

U0 w=T(x) . 0)

The standard matrix for T Is [
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‘ Projection Operators

Standard
Operator Illustration Equations Matrix
Orthogonal projection LY Wy=2Xx 1 0
on the x-axis (x, ) wy =0 0 0

S
pl 0 X
w

Orthogonal projection

AY W) = 0 0 0
on the y'aXiS (0, y)A‘__—— (x,y) Wr =Yy 0 1 .
/ = |
-
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‘ Projection Operators

Standard

Operator INustration Equations Matrix
Orthogonal projection w;=Xx 1 O O
on the xy-plane ws =1y O 1 0
Orthogonal projection w,=x 1 O O
on the xz-plane Wo—0 O O O
¥ W3 =2 0) 0) 1
Orthogonal projection w; =0 O O O
on the yz-plane Wr =1y O 1 O
W3 =2 O O 1




Rotation Operators

= The rotation operator T:R? — R? moves points
counterclockwise about the origin through an angle 6

= Find the standard matrix
= T(e) =T(1,0) = (cosd, sinb) e

= T(e,) =T(0,1) = (-siné, cosb)

Standard
Operator Ilustration Equations Matrix

Rotation through y (wy, w,) wy=xcos0 —ysinf cos® —sinf
B an angle 6 w \ wr=xsin6 + y cos 6 sin @ cos 6 L
v (x,y)
I A 31

Y =




Example

If each vector in R? is rotated through an angle of /6
(30°) ,then the image w of a vector

| yi s I [%5 3 e [ sy
s w[sin% cos 7/ }M% A H LxaV3y

For example, the image of the vector
/3 —1

x—[:L] IS wW = 2
1 1+ /3

2

y




A Rotation of Vectors in R?

A rotation of vectors in R3is usually described e
in relation to a ray emanating from (%)% 5 ) the
origin, called the axis of rotation.

As a vector revolves around the axis of rotation
it sweeps out some portion of a cone ([E[FERS).

The angle of rotation is described as “clockwise”
or “counterclockwise” in relation to a viewpoint (a) Angle of rotation
that is along the axis of rotation looking toward

the Origin. AZ Counterclockwise

rotation
The axis of rotation can be specified by a .
nonzero vector u that runs along the axis of e
rotation and has its initial point at the origin.

The counterclockwise direction for a rotation x
about its axis can be determined by a “right-
hand rule”.

(Axis of rotation)

o \

Y

(b) Right-hand rule
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‘ A Rotation of Vectors in R?

-

through an
angle 6

Standard
Ilustration Equations Matrix
Counterclockwise z w, =x 1 0 0
rotatioq ?bOUt ) Wy =y Ccos @ — zsin 6 0 cos@ —sin 6
the positive x-axis w3 =y sin@ + z cos 8 0 sin@ cos 6
through an 5
‘angle 6 >
Counterclockwise w; =xcos 8@ + zsin@ cos@ 0O sin@
- rotation about Wy =y 0 1 0
the positive y-axis w3 =—xsin@ + z cos O —sin@® 0O cosé@
through an
- angle 6
Counterclockwise w;=xcos 0 —ysin 8 cos@ —sin@ 0
| rotation about ws=xsin@ + ycos®@ sin 6 cos 6 0
 the positive z-axis ws =z 0 0 1

84



Dilation and Contraction Operators

If k is a nonnegative scalar, the operator on R2or R3 is

called a contraction with factor k if 0 <k <1 (DLAZkUL
#8) and a dilation with factor k if k> 1 (CAINZKEZPE).
Standard
Operator Illustration Equations Matrix
Contraction with w; =kx
factor k on R? w, = ky
0O<k<1) ws =kz
kK 0 O
[0 k 0}
Dilation with wy = kx 0 0 k
factor k on R?

(k=1)
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Compression or Expansion

If T: R> — R?is a compression (0<k<1) or expansion
(k>1) in the x-direction with factor k, then

rer=r({)-f] rer-o(l)-f

so the standard matrix for T IS [g (1)] .

Similarly, the standard matrix for a compression or

expansion in the y-direction is [1 0]
0k

9 ) ()
xky)
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Shears

A shear (8Y) in the x-direction with factor k is a

transformation that moves each point (x,y) parallel to the

X-axis by an amount ky to the new position (x+Kky,y).
Points farther from the x-axis move a greater distance

than those closer.

(X,y)

y

//;::;5? (x+kyy)

X
k>0

y

(x+ky,y)

A

k<O
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Shears

If T: R2 — R2is a shear with factor k in the x-direction, then

(1Y e+ Ry (14RO 1

T(el)_T(_O_>__ y _—_ 0 ___O_

B 01\  [z+ky|l [0+FK1] [k

T(Bg)—T(_l_)—_ y _—_ 1 — 1
The standard matrix for T is [1 k]
01

Similarly, the standard matrix for a shear in the y-direction

with factorkis |1 0
k1



Example (Standard Matrix for a Projection
Operator)

Let | be the line in the xy-plane that passes through the
origin and makes an angle &with the positive x-axis,
where 0 < <. Let T: R2— R? be a linear operator that
maps each vector into orthogonal projection on |.

o Find the standard matrix for T. ¢ y

o Find the orthogonal projection of
the vector x = (1,5) onto the line
through the origin that makes an
angle of 6 = /6 with the positive
X-axIs.
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Example

The standard matrix for T can be written as

[T]=1[T(ey) | T(e,)]
Consider the case 0 < 0 < r/2.
o |[|T(e)||=cos 6

) T(el)_r(el)cow}_{ cos” @ }

[T (e)|siné | |sin&cose
a |[T(ey)|| =sin 6

e) [T (e)|[cos@ | |sinOcosé
e,) = _
= ? [T (e,)||sin & sin? @

= [-|

cos’d sin@cosd
singcosd®  sin® @
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Example

T_l: cos’ @ sinecose}

sin@cosd

sin® @

Since sin (n/6) = 1/2 and cos (/6) = +/3/2, it follows
from part (a) that the standard matrix for this projection
operator Is

3/4 J3/4]

V3/a ya

3/4 J3/4

3la s

_3+5\/§_

\/§+5
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Reflections About Lines Through the
Origin
Let P, denote the standard matrix of orthogonal projections on
lines through the origin

Px—x = (1/2)(H,x —X), or equivalently H,x = (2 P,— I)x
H, = (2 P,—1)

}ﬁ)::[COSQQ sin 26 ]

sin 20 — cos 26

HyX
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4.10
Properties of Matrix
Transformations




Composition of 1, with T,

Definition
o IfT,:R"— Rkand T;: RK— R™are linear transformations,

the composition of T, with T,, denoted by T; < T, (read “Ty
circle T, ), is the function defined by the formula

(TB ° TA)(X) — TB(TA(X))
where X IS a vector in R".

L) / o / it
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Composition of 1, with T,

This composition is itself a matrix transformation since
(Tg ° TA))=(T(Ta(X))=B(Ta(x))=B(AX)=(BA)X

It is multiplication by BA, 1.e. Tg > T, = Tg,

The compositions can be defined for more than two linear

transformations.

For example, f T,:U—>Vand T,: V—>W ,and T,: W —
Y are linear transformations, then the composition T, -
T, o T,isdefined by (T, = T, o T, )(u) =T, (T, (T,
(u)))

95



Remark

It is not true, in general, that AB = BA
So itis not true, in general, that Tg c T, =T, ° Tg

96



Example

Let T,:R? —» R? and T,:R?> — R? be the matrix operators that
rotate vectors through the angles 8, and 8,, respectively.

The operation (T,  T,)(X)=T,(T(x)) first rotates x through the
angle 6,, then rotates T,(x) through the angle 6.,.

7~ |

cosf)y —sinb
o 1 B = | oy}
sinf; cos 6, sinfy, cosb, ) = 1
& ~

- |

cos By — sin 6

cos(01 + 65) —sin(6y + 92)]

Too ] = [sin(@l +65)  cos(6; + 0)

cosfy —sinby| |cost; —sinb,
sin @y cos By ] [sin 61 cosb; ]
[ cos 05 cos B — sin Oy sin @7 —(cos O sin 6y + sin By cos O;)
sin @, cos 01 + cos Oy sin 7  — sin B, sin 61 + cos 65 cos B ]
cos(07 =6 )—sin(fr+05)
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‘ Composition 1s Not Commutative

= Let T, be the reflection operator

= Let T, be the orthogonal projection
on the y-axis

01f01| [01
o Ta =[N = O}_O o700

(011]01] [0O]
.o T]=Mmarm1=| 0_[1 o710
S0 [T1°T2]¢[T2°T1]

Y«

T, (75 (x))

(b) T1 -T2

98



‘ Composition of Two Reflections

= Let T, be the reflection about the y-axis, and let T, be the
reflection about the x-axis. In this case, T, - T,and T, °
T, are the same.

(Ty o o) (,y) = Ti(x, —y)
(T 0 Th)(w,y) = Tao(—x,y) = (—x, —y)

I

|
=

|
S

—10l[1 0] [-1 0]
TioD] = 1] [I] = 0 1fjo-1] " |0 -1
1 0| [-10] [-1 0]
Looh] = [I] [I] = 0—1/|0 1] |0 -1
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One-to-One Linear transformations

Definition
o A linear transformation T : R" —R™ is said to be one-to-one if T

maps distinct vectors (points) in R™ into distinct vectors (points)
In R™

Remark:

o That is, for each vector w in the range of a one-to-one linear
transformation T, there is exactly one vector x such that T(x) = w.
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Example

One-to-one linear
transformation

" 1w

0 VvV
u

Distinct vectors u and v
are rotated into distinct
vectors T(u) and T(v).

Not one-to-one linear
transformation

ip
? Q
Im

The distinct points P and
Q are mapped into the
same point M.
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Theorem 4.10.1 (Equivalent
Statements)

If A'i1s an nxn matrix and T, : R"— R" Is multiplication by
A, then the following statements are equivalent.

o Ais invertible

o Therangeof T, IsR"

a T, IS one-to-one
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Proof of Theorem 4.10.1

(a)—(b): Assume A is invertible. Ax=Db Is consistent for every
n x 1 matrix b in R". This implies that T, maps x into the
arbitrary vector b in R", which implies the range of T, is R".

(b)—(c): Assume the range of T, IS R". For every vector b in
R" there is some vector x in R" for which T,(x)=b and hence
the linear system Ax=Db is consistent for every vector b in R".
But we know Ax=Db has a unique solution, and hence for every
vector b in the range of T, there is exactly one vector x in R"
such that T ,(x)=Db.
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Example

The rotation operator T : R>— R? is one-to-one
o The standard matrix for T is cosd —sing }

[T]:Liné’ coso
o [T] is invertible since
cosd -—sind

sing cosé

det =c05°0+sin°0=1%0
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Example

The projection operator T : R®— R3 is not one-to-one
o The standard matrix for T is 10 0]

[T]=|0 10
000
o [T] is not invertible since det[T] =0
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Inverse of a One-to-One Linear Operator

Suppose T,: R"— R" Is a one-to-one linear operator
— The matrix A iIs invertible.

= T,1:R"—> R"is itself a linear operator; it is called
the inverse of T,.
= TA(TA1(X)) = AAIXx =Ix=x and
Toi(To(X) =AAX=IX=X
= Tp o Tp1=Tyy1=T, and
Tal e TA= Tala= T,
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Inverse of a One-to-One Linear Operator

If w is the image of x under T,, then T, maps w
back into X, since

Ta1(w) = Ty 1(TA (X)) =X

When a one-to-one linear operator on R" is written as

T :R"— R", then the inverse of the operator T is
denoted by T

Thus, by the standard matrix, we have [T-*]=[T]*
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Example

Let T : R?— R? be the operator that rotates each vector in R? through
the angle 6: cosd —sind
m-| }

sind cosé
Undo the effect of T means rotate each vector in R? through the
angle -0.

This is exactly what the operator T- does: the standard matrix T-! is

49 rrqa | COSO sing cos(—f@) —sin(-6)
T1=1T] _{—sine cos@} Lin(—@) cos(—@)}

The only difference is that the angle 6 is replaced by -6
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Example

Show that the linear operator T : R — R?defined by the equations

= 2X;+ X,
W, = 3X;+ 4X,

is one-to-one, and find T-1(wy,w,).

)

Solution:

4

W] |5
andil ]L’Vj_ 3
| 5

= T7(w,W,)= ( W, —

gl g -

}{ }:> 1= E ﬂ =) [T]=[T]"=

galw o b

g -
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Linearity Properties

Theorem 4.10.2 (Properties of Linear
Transformations)

o Atransformation T : R"— R™is linear if and only if the
following relationships hold for all vectors u and v in R"
and every scalar c.

T(u+v)=T(u) +T(v)
T(cu) =cT(u)
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Proof of Theorem 4.10.2

Conversely, assume that properties (a) and (b) hold for
the transformation T. We can prove that T is linear by
finding a matrix A with the property that T(x) = Ax for all
vectors x in R".

The property (a) can be extended to three or more terms.
T(u+v+w) = T(u+(v+w)) = T(U)+T(v+w) = T(u)+T(v)+
T(w)

More generally, for any vectors v, v,, ..., v, In R", we

have
T(VHvt. V) = T(vy) + T(v,) + ... + T(V)
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Proof of Theorem 4.10.2

Now, to find the matrix A, lete,, e,, ..., e, be the vectors
1 0 0
0 | 0
e, = |0 er= 0] e e,= |0
0 0 1

Let A be the matrix whose successive column vectors are
T(ey), T(e,), ..., T(e,); that is
A=[T(e) | T(ey) | ... | T(e,)]
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Proof of Theorem 4.10.2

If == IS any vector in R", then as discussed In

Section 1.3, the product Ax is a linear combination of the
column vectors of A with coefficients X, so

AX =x,T(e)) + X, T(e,) +... +x.T(e,)
= T(X€7) + T(X,8,) + ... + T(X.€,)
= T(X8; + X8y + .. + X8y)
=T(X)
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‘ Theorem 4.10.3

= Every linear transformation from R" to R™ is a matrix
transformation, and conversely, every matrix
transformation from R" to R™is a linear
transformation.
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Theorem 4.10.4 (Equivalent
Statements)

If A is an mxn matrix, and if T, : R"— R" is multiplication by A, then the following are

equivalent:
0 A is invertible.
Q Ax = 0 has only the trivial solution.
o The reduced row-echelon form of Ais I,
0 A is expressible as a product of elementary matrices.
o Ax =D s consistent for every nx1 matrix b.
o Ax =D has exactly one solution for every nx1 matrix b.
0 det(A)#0.
0 The column vectors of A are linearly independent.
0 The row vectors of A are linearly independent.
0 The column vectors of A span R".
Q The row vectors of A span R".
0 The column vectors of A form a basis for R".
0 The row vectors of A form a basis for R,
0 A has rank n.
Q A has nullity 0.
o The orthogonal complement of the nullspace of A is R".
o The orthogonal complement of the row space of A is {0}.
o Therange of T, is R
o T, is one-to-one.
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4.11
Geometry of Matrix Operations




Example: Transtorming with Diagonal
Matrices

Suppose that the xy-plane first is compressed or expanded by a
factor of k; in the x-direction and then is compressed or
expanded by a factor of k, in the y-direction. Find a single
matrix operator that performs both operations.

o ) i

X-compression (expansion) y-compression (expansion)
A 1 O] |k Of |k O
{0 k| |0 1] |0 ke

If k,=k,=k, this is a contraction or dilation. 4 — [’g 2]
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Example

Find a matrix transformation from R? to R? that first shears by
a factor of 2 in the x-direction and then reflects about y = x.

The standard matrix for the shear is A, = (1) ?

and for the reflection is A, = [(1) (1)]

Thus the standard matrix for the sear followed by the

reflection is o 011 [12] o1
L7010l o1~ (12
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Example

Find a matrix transformation from R? to R? that first reflects
about y = x and then shears by a factor of 2 in the x-direction.

=[] =F

Note that A A 7& AsAq
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Geometry

y y b y
(1.1) A1) 3.1)
X j ’ X X
(1,3)
y y y
(L.1) 3.1)
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Geometry of One-to-One Matrix
Operators

A matrix transformation T, Is one-to-one if and only if A is
Invertible and can be expressed as a product of elementary
matrices. A—EE, - E

TA — TEIEQ"'ET = TWE1 o TE2 ©---0 TET

Theorem 4.11.1: If E is an elementary matrix, then T¢: R°—
R is one of the following:

A shear along a coordinate axis

A reflection about y=x

A compression along a coordinate axis

An expansion along a coordinate axis

A reflection about a coordinate axis

A compression or expansion along a coordinante axis followed by a
reflection about a coordinate axis

o O O O 0O O
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Proof of Theorem 4.11.1

Because a 2 x 2 elementary matrix results from performing a
single elementary row operation on the 2 x 2 identity matrix,
It must have one of the following forms:

3 ) Bl o) o

0 1 k :
1] and [0 1] represent shears along coordinates axes.

(1)] represents a reflection about y = x.
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Proof of Theorem 4.11.1

10 1 k 01 k0 10
k1 01 10 01 0k
If k>0, k0 and |1 Y represent compressions or
01 0k

expansion along coordinate axes, depending on whether
0 < k < 1(compression) or & > 1 (expansion).

If k <0, and If we express k in the form k=-k;, where k,>0,

then 1 0]  [—k 0]  [—=10] [k 0]
01~ [0 1) [0 1]][01
10] 1 o] [t o]fto]
0 k|~ [0 k| — [0 =1 [0 K
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Proof of Theorem 4.11.1

kOl |=k O [=10] |k O

01l | 0 1 |0 1[0 1
It represents a compression or expansion along the x-axis
followed by a reflection about the y-axis.

1o] 1 o] [tolfto

0kl |0 —=Kk| |0—=1| 10k
It represents a compression or expansion along the y-axis
followed by a reflection about the x-axis.
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‘ Theorem 4.11.2

= If T,:R°— R?is multiplication by an invertible matrix
A, then the geometric effect of T, Is the same as an
appropriate succession of shears, compressions,
expansions, and reflections.
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Example: Geometric Etfect of
Multiplication by a Matrix

Assuming that k, and k, are positive, express the diagonal

A — k0

matrix "~ | 0 k,| as a product of elementary matrices, and
describe the geometric effect of multiplication by A in terms of
compressions and expansions.

interchangeable!
We know

A [F O] _ [L O] [k O
10 k| |0 k| |01
which shows the geometric effect of compressing or

expanding by a factor of k, in the x-direction and then
compressing or expanding by a factor of k, in the y-direction.
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3 4

Example N [1 2]

Express A as a product of elementary matrices, and then
describe the geometric effect of multiplication by A in terms of
shears, compressions, expansion, and reflections.

10

01

A can be reduced to | as follows:
1 2
01

bil

Add -3 times the first Multiply the second Add -2 times the second
row to the second row by -1/2 row to the first

The three successive row operations can be performed by
multiplying on the left successively by

1 0 10 | -2
et S T ) Rl (RN
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Example

Inverting these matrices 3 2 :
iy Lol o2
A_E1E2E3_[31 0 —2| |01

Reading from right to left and noting that

I 0 1 0 1 0
[0 —2] B [0 —1] [0 2]
It follows that the effect of multiplying by A is equivalent to
1. shearing by a factor of 2 in the x-direction,
2. then expanding by a factor of 2 in the y-direction,
3. then reflecting about the x-axis,

4. then shearing by a factor of 3 in the y-direction.
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Theorem 4.11.3

If T:R°— R? is multiplication by an invertible matrix, then

Q

Q

(a) the image of a straight line is a straight line.

(b) the image of a straight line through the origin is a straight line
through the origin.

(c) the images of parallel straight lines are parallel straight lines.

(d) the images of the line segment joining points P and Q is the
line segment joining the images of P and Q.

(e) the images of three points lie on a line if and only if the points
themselves line on some line.
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Example: Image of a Square

Sketch the images of the unit square under multiplication by
A |12
12 -1
Since —1 2 of [0 —1 2 Iy -1
2 —1| (0] |0 2 —1] 10| |2
-1 27J0] [2 -1 217[1] [
2 —1| |1 |-1 2 —1| 1] |1

y (-1,2) ¥
01— i\%n

(0,0) (1,0) X (0,0) X
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Example: Image of a Line

N

The invertible matrix maps the line y=2x+1 into another line. Find its
equation,

Let (x,y) be a point on the line y=2x+1, and let (x’,y’) be its image under
multiplication by A. Then

-BAR =00 B[]0

A
so TTT YV mmy =t
y = =22+ 3y

Thus (x’, y’) satisfies y = %x + % , Which is the equation we want.
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