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Probability spaces

• Probability theory deals with predicting how likely it is that something 
will happen

• An experiment (or trial) is the process by which an observation is 
made

• Sample space:Ω
– A collection of basic outcomes (or sample points) for our experiment

• Event space: the set of all subsets of the  sample space
• The foundations of probability theory depend on the set of events F 

forming a     -field
• Probability function
• P(Ω)=1
• A well-founded probability space consists of a sample space Ω, a     -

field of events F, and a probability function P
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Conditional probability and independence(1/2)

• The conditional probability of an event A given that an event B 
has occurred is

• P(A∩B) = P(B)P(A|B) = P(A)P(B|A)   [The multiplication rule]

• The chain rule is as fellows:
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Conditional probability and independence(2/2)

• Two events A, B are independent of each other if

• Two event A and B are conditionally independent given C 
when
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Bayes’ theorem(1/3)

• Bayes’ theorem lets us swap the order of dependence 
between events. (calculate P(B|A) in terms of P(A|B) )
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The righthand side denominator P(A) can be viewed as a normalizing constant

Since the denominator is the same in all cases
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Bayes’ theorem(2/3)

• The set A can be divided into two parts

• If we have some group of sets     that partition A, if          and 
the     are disjoint, then 
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Bayes’ theorem(3/3)

• Bayes’ theorem (more elaborated version)
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Random variables(1/2)

• Random variables is simply a function

X:Ω → Rn (commonly with n=1)
where R is the set of real numbers

• A discrete random variable is a function

X:Ω→S
where S is a countable subset of R

• A indicator random variable or a Bernoulli trial :

X:Ω → {0,1}

Because a random variable has a numeric range, we can do mathemaBecause a random variable has a numeric range, we can do mathematics tics 
more easily by working with the values of a random variable, ratmore easily by working with the values of a random variable, rather than her than 
directly with eventsdirectly with events
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Random variables(2/2)

• We can define the probability mass function (pmf) for a 
random variable X, which gives the probability that the random 
variable has different numeric values:

• For a discrete random variable , we have that
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Expectation and variance(1/4)

• The expectation is the mean or average of a random variable
• If X is a random variable with a pmf p(x) such that

then the expectation is  

• Example: 
if Y is the value of face on one rolling die ,then
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This is the expected average found by totaling up a large number of 
throws of the die, and dividing by the number of throws.
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Expectation and variance(2/4)

• If Y~p(y) is a random variable, any function g(Y) defines a new 
random variable. If E(g(Y)) is defined, then

– g(Y)=aY+b, we see that   E(g(Y))=aE(Y)+b

• We also have that E(X+Y)=E(X)+E(Y)

– If X and Y are independent, then E(XY)=E(X)E(Y)
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Expectation and variance(3/4)

• The variance of a random variable is a measure of whether the 
values tend to be consistent over trials or to vary a lot

• One measures it by finding out how much on average the 
variable’s values deviate from the variable’s expectation

• In commonly denotes the mean is μand the variance is σ2 the 
standard deviation is hence written as σ
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Expectation and variance(4/4)
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Joint and conditional distributions(1/2)

• The joint probability mass function for two discrete random 
variables X,Y is p(x,y)=P(X=x,Y=y)

• The marginal pmfs, which total up the probability masses for the 
value of each variable separately

– In general the marginal mass function don’t determine the joint mass 
function.
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Joint and conditional distributions(2/2)

• If X and Y are independent, then p(x,y)=pX(x)pY(y).
• To define a conditional pmf in terms of the joint distribution:

• And deduce a chain rule in terms of random variables, like
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Standard distributions(1/3)

• Statisticians refer to the family of functions as a distribution and to 
the numbers that define the different members of the family as 
parameters

• Discrete distributions:
– Binomial distribution

• Continuous distributions:
– Normal distribution
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Standard distributions(2/3)

• The Binomial distribution results when one has a series of 
trials with only two outcomes, each trial being independent 
from all the others

• The binomial distributions gives the number r of successes out 
of n trials and the probability of success in any trial is p

• Let R have as value the number of heads in n tosses of a coin, 
where the probability of a head is p

• The binomial distribution has an expectation of np and a variance 
of np(1-p)
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Standard distributions(3/3)

• Normal distribution:
(pdf, do not directly give the  probabilities of the points)
– With two parameters : μ: mean (variance)

σ: standard deviation
– And the bell curve is given by:
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Bayesian statistics(1/8)

• Frequentist Statistics  vs. Bayesian Statistics

• Bayesian updating
– A coin is tossed in times and gets 8 heads then this coin comes 

down heads 8 times out of 10. (from a  frequent point of view)
• This is the maximum likelihood estimate

– Bayesian statistics：measure degree of belief, and are calculated 
by starting with prior belief and updating tem in the face of 
evidence, by use of Bayes’ theorem
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Bayesian statistics(2/8)

• μm be the model that asserts P (head) = m
s be a sequence of observations, i heads and j tails
For any m, 0 ≤ m ≤ 1：

• From a frequentist point of view, we wish to find the MLE

• We can differentiate the above polynomial then the answer is    , 
or 0.8 for the case of 8 heads and 2 tails
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Bayesian statistics(3/8)

• Bayesian undating－

– Assume one’s prior belief is modeled by

because this distribution is centered on 1/2

– When one sees an observation sequence s one wants to know one’s new 
belief in the fairness of the coin. By Bayes’ theorem
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Bayesian statistics(4/8)

• P(s) is the prior probability of s
• s doesn’t depend on μm so we can ignore it (normalization factor)
• If we then differentiate the numerator so as find its maximum, then we 

can determine that the case of 8 heads and 2 tails
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We have moved a long way in the direction of 
believing that the coin is biased, but we haven’t 
moved all the way to 0.8
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Bayesian statistics(5/8)

• Marginal probability
– Adding up all the P(s| μm) weighted by the probability of μm

For the continuous case

This just happens to be an instance of the beta integral
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factor, which ensures that what we calculate 
is actually a probability function
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Bayesian statistics(6/8)

• Beta Function:
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Bayesian statistics(7/8)

• Bayesian decision theory
– To evaluate which model better explains some data

• Example:
comparing two models νand μ
– The results reported truly reflect the results of tossing a single. This is the 

theory μ
– Tossing two fair coins and calling out “tails” if both of them come down 

tails and otherwise. this is called theory ν
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Bayesian statistics(8/8)

• Bayesian decision theory 

– The quantity we are now describing as P(s|μ) is the quantity that 
we wrote as just P(s) (assuming that theory μm was true and we were just 
trying to determine m)

– If the ratio is greater than 1, we should prefer μ, and otherwise 
we should prefer ν
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Entropy(1/4)

• Entropy measures the amount of information in a random variable. It is 
normally measured in bits

• We define

• Entropy: 
– The average uncertainty of a single random variable
– The average length of the message needed to transmit an outcome of that 

variable
– We hope the entropy is lower in the system
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Entropy(2/4)

• Example:
Suppose you are reporting the result of rolling an 8-sided die. 
Then the entropy is:
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• Properties of Entropy:
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• Entropy can be interpreted as a measure of the size of the 
‘search space’ (the possible values of a random variable and its 
associated probabilities)

• Note that:
– H(X)>=0
– H(X)=0 only when the value of X is determinate
– Entropy increase with the message length

Entropy(4/4)
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Joint Entropy and Conditional Entropy(1/3)

• Joint Entropy:

• Conditional Entropy:
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• Proof of Conditional Entropy:
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• Chain rule for Entropy:

• Proof:
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Entropy rate

• A Chain rule of entropy: 
H(X1,…,X2) = H(X1) + H(X2|X1) + …… + H(Xn|X1,…,Xn-1)

• For a message of length n the ,entropy rate is:
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Mutual Information(1/5)
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This difference is called the mutual information between X and Y

(The amount of information one random variable contains about another)
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• Mutual information is a symmetric, non-negative measure of 
the common information in the two variables

• It is 0 only when two variables are independent. 
The mutual Information is 0 for two independent events
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• How to simply calculate Mutual Information？
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• Conditional mutual information

• Chain rule
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• Define the pointwise mutual information between two 
particular points

This has sometimes been used as a measure of association 
between elements
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Mutual Information(5/5)
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The noisy channel model

Encoder

Channel
p( y | x )

Decoder

Message from
A finite alphabet

Input to channel

Output from channelAttempt to reconstruct 
message based on output

W X

Y

The noisy channel model(1/4)

ŵ
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A binary symmetric channel. A 1 or 0 in the input gets 
flipped on transmission with probability p.

0

1 1

0

p

1-p

1-p

The noisy channel model(2/4)
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• Capacity
– The channel capacity describes the rate at which one can transmit 

information through the channel with an arbitrarily low probability 
of being unable to recover the input from the output
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The capacity is used to measured the likeness of  X and Y .
If the mutual information is 1 then the X and Y are the same or bits are 
inverted completely.

The noisy channel model(3/4)
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The noisy channel model(4/4)
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Application:  (In speech recognition)
Researchers cast both speech recognition and machine translation as a   noisy 
channel problem

Input: word sequences
Output: observed speech signal
P(input): probability of word sequences                (LM)
P(output|input): acoustic model ( channel prob.) 

Bayes’ theorem

Noisy Channel
P(o|i) Decoder
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• For two probability mass functions, p(x) , q(x) their relative 
entropy is given by:

define:
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Relative Entropy or Kullback-Leibler divergence(1/3)
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Relative Entropy or Kullback-Leibler divergence(2/3)

• It is a measure of how different two probability distributions are 
(over the same event space)

• Meaning ：It is the average number of bits that are wasted by 
encoding events from a distribution p with a code based on a 
not-quite-right distribution q
– Non-negative
– D(p||q) = 0 iff p = q

KL distance

But:

• not symmetric in p and q

• not satisfy the triangle inequality
),(),(),( yzdzxdyxd +≤
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Mutual information is actually just a measure of how far a joint
distribution is from independence:
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Define the Conditional Relative Entropy and a chain rule 
for relative entropy:

Relative Entropy or Kullback-Leibler divergence(3/3)
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Cross entropy(1/4)

• Cross entropy:  
– The cross entropy between a random variable X with true 

probability distribution p(X) and another pmf q (normally a model 
of p) is given by:
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Cross entropy of a language :  
suppose
Language L = (Xi) ~ p(x) according to a model m by

We cannot calculate this quantity without knowing p. But if we make 
certain assumptions that the language is ‘nice,’ then the cross entropy
for the language can be calculated as:
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Cross entropy(3/4)

• Expectation is a weighted average over all possible sequence.
• But we are using a limit and looking at longer and longer sequences 

of language use.   
• If we have seen a huge amount of the language, what we have seen

is “typical”
• We no longer need to average over all samples of the language; the 

value for the entropy rate given by this particular sample will be 
roughly right
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• Cross entropy of a language :  
– We do not actually attempt to calculate the limit, but approximate it by 

calculating for a sufficiently large n:

– This measure is just the figure for our average surprise

• Our goal will be to try to minimize this number
– Because H(X) is fixed, this is equivalent to minimizing the relative entropy,

which is a measure of how much our probability distribution departs from 
actual language use

)(log1),( 1nxmn
mLH −≈

Cross entropy(4/4)
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Perplexity

In the speech recognition community, people tend to refer to
perplexity rather than cross entropy. The relationship between the 
two is simple:

Why we use perplexity not cross entropy?
Because it is much easier to impress funding bodies by saying that 
“we’ve managed to reduce perplexity from 950 to only 540” than by 
saying that “we’ve reduced cross entropy from 9.9 to 9.1 bits.”

n
n

xm
nmxH

n

xm

mxPerplexity

nn

1

1

)(log1
)(

1

)(

22

),(

1,1

−

−

=

==



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


